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The challenge for the automotive industry is to reduce engine weight and increase 
the fuel economy in response to changes in federal regulations and to address 
environmental concerns. For high power density, fuel efficient engine, the weight can be 
improved by a robust design procedure for crankshafts with high fatigue resistance. Deep 
fillet rolling has been used for years to introduce compressive residual stresses near 
crankshaft fillets and, consequently, to improve fatigue strengths of the crankshafts. Deep 
rolling or burnishing is also applied to achieve dimensional tolerances and improved 
fatigue strength for large casting components. Therefore, understanding the residual 
stress distributions due to rolling at high rolling loads is very important. 
This dissertation systematically investigates mechanical responses of engineering 
materials under very large contact pressure and lithium-ion batteries under compression 
with extensive plastic deformation. Chapters 2, 3 and 4 are related to understanding the 
physics and the resulting residual stresses due to indentation and rolling at very high 
loads for different configurations. Chapters 5 and 6 are related to understanding the 
deformation of cells and modules of lithium-ion batteries under compression loads. 
Chapter 2 represents a paper on residual stresses due to indentation and rolling at 
high rolling loads under plane strain conditions. This investigation is aimed to quantify 
the differences between the residual stresses distributions due to single indentation and 
2 
 
rolling with very large contact pressure. The rolling model and its boundary conditions 
selected for this study are to identify whether the results of the finite element analyses for 
single indentation of crankshaft sections conducted by previous researchers are sufficient 
to represent the residual stresses distribution for further strength/fatigue analyses by 
comparing the stresses in the rolling and the out-of-plane directions. While a three-
dimensional finite element analysis is more appropriate to calculate the residual stresses 
due to rolling, a two-dimensional model is useful for the initial design iterations.  
In this chapter, the elastic Hertzian solution for contact of two elastic cylinders is 
first reviewed. A crankshaft fillet rolling process along the circumference of the main 
journal is idealized to a two-dimensional flat plate plane strain rolling model with 
appropriate boundary conditions. The roller is assumed to be rigid and the contact 
between the roller and the plate is frictionless. The roller load per unit width for the two-
dimensional model is based on that for the corresponding three-dimensional finite 
element analysis for single indentation. Then, the elastic plane strain finite element 
analysis of single indentation on a flat plate is carried out. For this case, the plate is 
modeled as linear elastic. The results of the elastic finite element analysis are then 
compared with that of the elastic Hertzian solutions in order to establish the guideline for 
development of the finite element model for acceptable contact pressure and subsurface 
stress distributions. Next, the plate material is modeled as an elastic-plastic power-law 
strain hardening material with the non-linear kinematic hardening rule of ABAQUS for 
loading and unloading. An elastic-plastic plane strain finite element analyses of single 
indentation on a flat plate are carried out for the development of the computational model 
for rolling simulation. A single pass rolling is simulated. Then, the results of elastic-
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plastic plane strain finite element analyses of single indentation and rolling are presented 
and compared. The plastic zone development and the residual stress distributions on the 
plate upper surface and in the subsurface under the roller center induced by the single 
indentation and the rolling are also presented and compared. In addition, the effects of the 
boundary conditions on the residual stresses are presented.  
Chapter 3 represents a paper on effect of a deformable roller on residual stress 
distribution for elastic-plastic flat plate rolling under plane strain conditions. This 
investigation is aimed to quantify the differences between the residual stress distributions 
in an elastic-plastic plate due to single indentation and rolling by rigid and elastic rollers 
with a very large contact pressure. More importantly, the advantages of using a rigid 
roller instead of an elastic roller give the convenience of applying the roller load with a 
smaller model size. Both conditions of indentation and rolling are selected for this study 
to identify whether a rigid roller model can be used to replace an elastic roller model for 
rolling simulations at very high rolling loads with a sufficient accuracy to obtain the 
residual stresses distribution for further fatigue strength analyses. A two-dimensional 
model is chosen here to save computational effort.  
Chapter 4 represents a paper on effects of high rolling loads on residual stress 
distributions in a rectangular bar of gray cast iron. In this paper, the details of the results 
of finite element analyses for a roll burnishing experiment conducted at Caterpillar are 
presented. It is important to realize that compressive residual stresses are largely 
dependent on the rolling loads, component material and boundary conditions. The current 
investigation is aimed to quantify the differences between the residual stresses 
distributions in a finite rectangular bar due to very large contact pressures from two 
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different rolling loads. The rolling parameters for this investigation includes smaller 
roller radius, high rolling loads (with kp0  ratio of about 12.5 to 15 with the rigid roller 
assumption), and finite rectangular bar dimensions. Therefore, a thorough investigation is 
required to understand the residual stresses due to rolling using three-dimensional finite 
element analyses. In this paper, a three-dimensional prismatic bar with a rectangular cross 
section is used for rolling simulations with the appropriate boundary conditions. The 
roller is assumed to be rigid and the roller rolls on the flat surface of the bar with a low 
coefficient of friction. The bar material is modeled as an elastic-plastic strain hardening 
material with a non-linear kinematic hardening rule of ABAQUS for loading and 
unloading. Effects of the two rolling loads with the material data variability are 
investigated. A single pass rolling is simulated. The longitudinal residual stress 
distributions in the bar along the width and the thickness directions are compared for both 
rolling loads. Also, the longitudinal residual stress distributions in the vertical direction 
(thickness) are then compared with the measurement data. 
In recent years the automotive industry is transitioning from cars and trucks 
powered primarily by petroleum to vehicles powered by electricity. Lithium-ion batteries 
have been considered as the solution for electric vehicles for the automotive industry due 
to its lightweight and high energy density. The major design considerations of the 
lithium-ion batteries involve electrochemistry, thermal management and mechanical 
performance. Other than dealing with the multi-physics problem, one of the challenges of 
developing the computational models for the battery behavior is the length scale. 
Therefore, understanding the basic mechanical behavior of the lithium-ion batteries for 
automotive applications is very important to develop homogenized models based on 
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representative volume elements (RVEs) that are needed for efficient crashworthiness 
analyses.  
Chapter 5 represents a paper on computational models for simulations of lithium-
ion battery cells under constrained compression tests. This investigation is focused on 
developing the computational models for simulations of RVE specimens of lithium-ion 
battery cells under in-plane constrained compression tests and then comparing the 
computational results with those of the tests. Two approaches are used for the modeling 
of these battery cells and modules: a detailed model (micro approach) and a less detailed 
model (macro approach). This investigation will focus on the detailed modeling of a cell 
RVE specimen of lithium-ion batteries. In the detailed model, the pouch cell battery is 
modeled as a layered composite and the RVE material nominal stress-strain response is 
obtained based on the properties of the cell components of layered anode, cathode, 
separator and active sheets. The less detailed models were investigated in chapter 6. In 
those less detailed models, a small-scale battery module was considered as a 
homogenized material based on the response of the physical testing of the module RVE 
specimens. Both approaches are useful to investigate the mechanical behavior of lithium-
ion pouch cell batteries and modules. 
The purpose of this detailed model investigation is twofold: one is to enhance 
understanding of the mechanical behavior of lithium-ion battery cells used for automotive 
applications and the other is to pave the groundwork for the development of user material 
models to represent the battery cells and modules by homogenized materials which are a 
subject of the future research. In this paper, the compressive behavior of cell RVE 
specimens under quasi-static in-plane compression tests is investigated using the 
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ABAQUS explicit finite element solver. The experimental results for cell RVE specimens 
under in-plane compression tests are first reviewed briefly for understanding the physical 
deformation pattern of the porous cell RVE specimens. Next, the Gurson’s model for 
porous material is presented for characterization of the separator and the electrodes with 
the active materials. Then the available material data are discussed and adopted for the 
input of the computational model. The details of the computational model are presented. 
The computational results of the deformation pattern and nominal stress-strain behavior 
are then compared with the test results. Based on the computational model, the effects of 
the friction coefficient between the cell components and the constrained surfaces on the 
deformation pattern, plastic deformation, void compaction, and the load-displacement 
curve are examined. The usefulness of the computational model is then presented by 
further exploring the effects of the initial clearance and biaxial compression on the 
deformation patterns of cell RVE specimens. 
Chapter 6 represents a paper on computational models for simulation of a lithium-
ion battery module specimen under punch indentation. In this investigation, less detailed 
macro homogenized material models are adopted to simulate a small-scale module 
specimen under the punch test. Here, the test data of module RVE specimens were used 
to calibrate the inputs of the hyperfoam and crushable compressible foam models 
available in commercial finite element code ABAQUS for the punch test simulation. The 
computational results of the load-displacement responses of the punch test are then 





Chapter 2                                                                                                                     
Residual Stresses due to Indentation and Rolling at High Rolling Loads under Plane 
Strain Conditions 
 
2.1.  Introduction 
For automotive crankshafts, fatigue damages are initiated near the fillets due to 
stress concentration.  The fillet rolling process has been used for years to introduce 
compressive residual stresses near crankshaft fillets and, consequently, to improve fatigue 
strengths of crankshafts [1-3].  During the rolling process, the material near the roller is 
loaded into plastic range.  Once the rolling load is removed, compressive residual stresses 
are induced.  The residual stresses can significantly affect the fatigue lives of the 
crankshafts under high cycle fatigue loading conditions.  Therefore, understanding the 
residual stresses near crankshaft fillets are important.  Previously, researchers estimated 
the residual stresses near crankshaft fillets either using two-dimensional or three-
dimensional finite element analyses [2-8].  Chien et al. [4] conducted two-dimensional 
elastic-plastic finite element analyses of crankshaft fillet rolling to estimate the residual 
stresses.  They also investigated the behavior of crack initiation and growth near 
crankshaft fillets with consideration of residual stresses based on linear elastic fracture 
mechanics.  Chien et al. [4] used the rolling depth of crankshaft fillets after the unloading 
of the roller as the calibration parameter in their two-dimensional finite element analyses.  
The rolling depth was determined by the fillet surface profiles obtained from the 
shadowgraphs taken before and after the fillet rolling process.  Spiteri et al. [2] examined 
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the bending fatigue limit of crankshaft sections with consideration of residual stresses 
based on the results of three-dimensional finite element analyses.  Most of the previous 
analyses for the fatigue behavior of crankshaft sections are based on the residual stresses 
from single indentation of rollers.  Spiteri et al. [2] showed the subsurface axial stress 
distributions due to single indentation and rolling of a disk based on plane strain finite 
element analyses.  However, the effects of single indentation and rolling on the 
circumferential and out-of-plane stress components have not been explained in details.  
Numerous studies were conducted to understand the stress distributions and 
deformation patterns near rolling contact surfaces.  Researchers mainly conducted 
indentation and rolling contact analyses to examine the stress-strain histories near the 
contact surfaces.  Some of the previous elastic-plastic analyses were on the indentation of 
elastic-plastic half spaces using rigid spheres.  Mesarovic and Fleck [9] conducted finite 
element analyses of the normal indentation of an elastic-plastic half-space by a rigid 
sphere. Indentation maps were constructed with axes of contact radius  a  (normalized by 
the indenter radius R ) and the yield strain of the half-space.  Kral et al. [10] investigated 
the elastic-plastic contact problem of a rigid sphere indentation of a homogeneous half-
space using finite element analyses.  The rigid sphere with a radius of 1.5 mm was 
modeled by contact elements.  The results for the contact pressure, surface and 
subsurface stresses, initiation and growth of the plastic zone, and yielding of the half-
space during unloading were presented.  The results for the indentations with loads up to 
300 times the load necessary for the initial yield were obtained on materials with different 
elastic and plastic properties. It was shown that the resulting pressure distributions are 
significantly different from the Hertzian pressure distribution.  Komvopoulos [11] 
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analyzed the plane-strain indentation of a layered half-space by a rigid cylinder using 
contact elements instead of an assumed distribution of the surface tractions or the 
displacements on the contact surface.  It was shown that the pressure distribution is 
considerably different from the Hertzian pressure distribution, particularly for stiff and 
relatively thick layers and/or under large plastic deformation.     
Several previous elastic-plastic analyses of rolling were based on translating a 
Hertzian [12-16] or modified Hertzian pressure distribution [17,18] across the surface of 
an elastic-plastic half space.  Merwin and Johnson [12] analyzed the plane-strain rolling 
of a rigid cylinder on a half-space.  Bhargava et al. [17,18] conducted finite element 
analyses to investigate the plane-strain problem of a cylinder rolling on a semi-infinite 
body, both for single and multiple passes.  They assumed elastic-plastic linear kinematic 
hardening material behavior and represented the cylinder by a translating Hertzian or 
modified Hertzian pressure distribution for a maximum kp0  ratio of 5, where 0p  is the 
maximum Hertzian pressure and k  is the shear yield stress of the material (see Merwin 
and Johnson [12] and Bhargava et al. [17] for the bounds of characteristic deformation 
regimes).  Yu et al. [15,16] presented an analytical method for elastic-plastic rolling 
contact and shakedown, and demonstrated its application to obtain steady-state solutions 
for two- and three-dimensional repeated rolling contact problems.  They used a moving 
Hertzian pressure distribution to simulate the rolling process for a maximum kp0  ratio 
of 6.  Chen et al. [19] presented a three-dimensional numerical model for simulating the 
repeated rolling or sliding contact of a rigid sphere over an elastic-plastic half-space for a 
kp0  ratio of 5.2.  Jiang and Sehitoglu [20] analyzed the residual stresses for the line 
rolling contact problems utilizing an analytical approach in conjunction with a new 
10 
 
plasticity model for kp0  ratios ranging from 5 to 9.  Jiang et al. [21] also conducted 
three-dimensional elastic-plastic rolling analyses incorporating elastic and plastic 
shakedown concepts for a kp0  ratio of 6.  For both cases, a prescribed Hertzian 
pressure distribution was traversed over the surface to simulate the loading history 
experienced by a wheel and rail. 
Most researchers used the moving Hertzian pressure distribution to represent the 
contact pressure for rolling with kp0  ratios ranging from 5 to 9.  Bijak-Zochowski and 
Marek [22] used elastic rollers with spring contact elements for rolling simulations.  They 
modeled the process of a cylinder running on the strip by finite element analyses, using a 
program SEGLA developed by the authors.  Their work gives good insight on the 
residual stress distribution in the strip due to rolling.  However, the results were obtained 
for a relatively large wheel radius ( R  = 457 mm) and the normal force corresponding to 
the average load values of the train wheel on the track, giving a kp0  ratio of 4.  For the 
crankshaft rolling, the roller radius is much smaller and the rolling load is high, with a 
kp0  ratio of about 22. 
This investigation is aimed to quantify the differences between the residual 
stresses distributions due to single indentation and rolling with very large contact 
pressure.  The rolling model and its boundary conditions selected for this study are to 
identify whether the results of the finite element analyses for single indentation of 
crankshaft sections conducted by previous researchers are sufficient to represent the 
residual stresses distribution for further strength/fatigue analyses by comparing the 
stresses in the rolling and the out-of-plane directions.  While a three-dimensional finite 
11 
 
element analysis is more appropriate to calculate the residual stresses due to rolling, a 
two-dimensional model is useful for the initial design iterations.   
In this paper, the elastic Hertzian solution for contact of two elastic cylinders is 
first reviewed.  A crankshaft fillet rolling process along the circumference of the main 
journal is idealized to a two-dimensional flat plate plane strain rolling model with 
appropriate boundary conditions.  The roller is assumed to be rigid and the contact 
between the roller and the plate is frictionless.  The roller load per unit width for the two-
dimensional model is based on that for the corresponding three-dimensional finite 
element analysis for single indentation.  Then, the elastic plane strain finite element 
analysis of single indentation on a flat plate is carried out.  For this case, the plate is 
modeled as linear elastic.  The results of the elastic finite element analysis are then 
compared with that of the elastic Hertzian solutions in order to establish the guideline for 
development of the finite element model for acceptable contact pressure and subsurface 
stress distributions.  Next, the plate material is modeled as an elastic-plastic power-law 
strain hardening material with the non-linear kinematic hardening rule of ABAQUS [23] 
for loading and unloading.  An elastic-plastic plane strain finite element analyses of 
single indentation on a flat plate are carried out for the development of the computational 
model for rolling simulation.  A single pass rolling is simulated.  Then, the results of 
elastic-plastic plane strain finite element analyses of single indentation and rolling are 
presented and compared.  The plastic zone development and the residual stress 
distributions on the plate upper surface and in the subsurface under the roller center 
induced by the single indentation and the rolling are also presented and compared.  In 
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addition, the effects of the boundary conditions on the residual stresses are presented.  
Finally, some conclusions will be made based on the results of this investigation. 
 
2.2.  Preliminaries on elastic Hertzian solutions and elastic finite element analyses 
Consider two infinitely long cylinders with their longitudinal axes both lying 
parallel are pressed in contact by a force P  per unit length as schematically shown in 
Figure 2.1(a).  The Cartesian coordinates are also shown.  The two cylinders make 
contact over a long strip of width a2  lying parallel to their axes as shown in Figure 
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Here, E  represents the modulus of elasticity, ν  represents the Poisson's ratio, and R  
represents the radius. The subscripts 1 and 2 represent the upper and lower cylinders, 
respectively. 
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and the signs of m  and n  are the same as the signs of y  and x , respectively. 
Under plane strain conditions, the third principal stress  33σ  is 
)( 221133 σσνσ +=                                                                 (2.10) 
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The stresses in equations (2.5)-(2.7), (2.10) and (2.11) based on the elastic Hertzian 
solution will be plotted in Figures 2.7(a) and 2.7(b) as discussed later.  When the radius 
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2R  of the lower cylinder becomes infinity, the lower cylinder becomes a semi-infinite 
solid which is schematically represented by a flat plate as shown in Figure 2.1(b).  When 
the elastic modulus 1E  of the upper roller becomes infinity, the roller becomes rigid.  
This corresponds to the case of an elastic flat plate indented by a rigid roller as shown in 
Figure 2.1(c).  The elastic Hertzian solutions presented in this section will be used to 
benchmark the elastic finite element analyses that will be discussed later.  The Young’s 
modulus 2E  is set for 207 GPa and the Poisson’s ratio 2ν  is set for 0.29 for typical steel 
crankshaft materials. 
 
2.3.  Material model   
A Typical steel for crankshafts is considered for the plate. The steel has the 
Young’s modulus of 207 GPa and the Poisson’s ratio of 0.29.  The tensile stress-strain 
curve of the steel is shown in Figure 2.2.  The nonlinear kinematic hardening rule of the 
ABAQUS is assumed based on the tensile stress-plastic strain curve shown in Figure 2.2.  
The nonlinear kinematic hardening rule in ABAQUS is based on the Mises yield 
function.  For the loading/unloading/reloading process, the yield function can be 
expressed as 
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where ijσ  is the stress tensor, ijσ ′  is the deviatoric stress tensor, ijα  represents the center 
of the yield surface, ijα ′  is the deviatoric part of ijα , and 
0σ  represents the size of the 
yield surface.   Here, 
ij
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where 
ij
δ  is the kronecker delta.    
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where pijε&  represents the plastic strain rate tensor and 
pε&  is the equivalent plastic strain 
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In ABAQUS, the nonlinear kinematic hardening rule is defined to be an additive 
combination of a purely kinematic term of the Ziegler linear hardening law and a 










where 0σ  is constant and represents the size of the initial yield surface, ijα  represents the 
center of the yield surface, pε&  is again the equivalent plastic strain rate, and C  and γ  are 
material parameters that must be calibrated from cyclic test data.   Here, C  is the initial 
kinematic hardening modulus and γ  determines the rate at which the kinematic 
hardening modulus decreases with increasing plastic deformation.   When C  and γ  are 
zero, the model reduces to the isotropic hardening rule.   When γ  is zero, the Ziegler 
linear hardening law is recovered.  Note that, for the nonlinear kinematic hardening rule 
of ABAQUS, the option of “HALF CYCLE” for data type was adopted in order to use 
the cyclic stress-strain curve of the material as the input stress-strain data [23].   
 
2.4.  Rolling load   
The crankshaft rolling process of interest involves 12 rotations of a crankshaft in a 
rolling machine.  For example, Figure 2.3(a) shows an actual rolling load history for the 
crankshaft fillet rolling where the load is increased linearly up to the full rolling load for 
the first 3 rotations of the crankshaft.  The load is then kept as a constant level for the 
next 6 rotations.  Finally, the load is decreased linearly to zero for the final 3 rotations.  
However, in this investigation, only one pass of the rolling load is applied as shown in 
Figure 2.3(b).  The full rolling load for the crankshaft fillet rolling is assumed to be 5700 
N applied to the primary roller with the direction that is 34o inclined from the vertical 
direction.  The details of the geometric arrangement of the primary and secondary rollers 
and crankshafts can be found in [3].  The details to convert the 5700 N load for the 
crankshaft fillet rolling to the load per unit thickness for plane strain plate rolling are 
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outlined in Appendix A.  After the conversion, a load per unit thickness of 3847.0 
(N/mm) was used in the plane strain plate rolling model as the roller load for single 
indentation and rolling. 
 
2.5.  Computational model development for indentation and rolling 
Figure 2.4 shows a schematic of a two-dimensional model of a flat plate rolling 
process. The roller is assumed to be rigid and the contact between the roller and the plate 
is frictionless.  Figure 2.4 shows the phases of the rolling simulation.  Initially, the roller 
is sitting on the starting position of the flat plate.  Then the roller is moved down with a 
given load.  The roller is then rolled horizontally to the right.  After traveling the full 
rolling length, the roller is moved up and the rolling is completed. 
The finite element analyses were performed using the commercial finite element 
code ABAQUS.  Figure 2.5(a) shows a two-dimensional finite element model of a rigid 
cylinder rolling on a finite flat plate.  The Cartesian coordinate system is also shown in 
the figure.  Two-dimensional plane strain 4-noded CPE4R elements of size 0.4 mm by 
0.4 mm are used in this model.  The selection of the sizes of the finite elements to 
simulate single indentation and rolling follows the guidelines that will be presented later.  
The bottom of the plate is fixed, and the displacements on both end surfaces AB and CD 
of the plate in the x direction are constrained.  The length of the plate is 300 mm with the 
rolling start point on the upper surface at x = 62 mm and the rolling end point at x = 
216.264 mm to eliminate possible end effects.  One goal of this investigation is to use the 
results obtained here to examine the residual stresses in crankshafts after fillet rolling.  
The diameter of the rigid cylinder is 14 mm which represent the radius of the primary 
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roller for the crankshaft rolling as discussed in Appendix A.  The total rolling length 
154.264 mm and the plate thickness 24.552 mm are corresponding to the circumferential 
length and the radius of the main journal of a crankshaft of interest, respectively.  The 
primary roller is modeled as the rigid cylinder.  
 
2.5.1  Mesh sensitivity for elastic finite element analyses   
For elastic contact analyses, two finite element models are developed.  The finite 
element model Mesh-1 has the element size of 0.4 mm and the finite element model 
Mesh-2 has element size of 0.1 mm.  Magnified views of the finite element models for 
Mesh-1 and Mesh-2 are shown in Figures 2.5(b) and 2.5(c), respectively.  The results 
based on the finite element model Mesh-2 showed better correlations with the elastic 
Hertzian solutions presented here.  Figure 2.6 shows a comparison of the contact widths 
( a2 ) between the flat plate and the rigid roller obtained by the elastic Hertzian solution 
and the elastic finite element analysis as a function of the indentation load up to the 
maximum value of 3847 N/mm used in this investigation.  As the indentation proceeds 
with the increasing load, the indentation depth increases.  However, until the next node 
makes contact, the contact width ( a2 ) remains the same in the elastic finite element 
analysis.   
Figure 2.7(a) shows the distributions of the stresses directly under the roller in the 
–y direction from the top surface of the plate for indentation by the rigid roller at the full 
rolling load of 3847 N/mm.  It should be mentioned again that the plate is modeled to be 
linear elastic.  Figure 2.7(b) is a zoom-in view of Figure 2.7(a) to show the stresses for 
the top 5 mm of the plate.  For the elastic Hertzian solution, at the contact interface  11σ  
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= 22σ = )(xp− .  At the contact point, the values of the stresses  11σ  and 22σ  obtained 
from the finite element analysis are 23% and 11% lower than the elastic Hertzian 
solution.  This may be attributed to the mesh discretization [9].  Beyond the contact 
surface, the stress  22σ  obtained from the finite element analysis is within 3% of the 
elastic Hertzian solution.  The shear stress component  12σ  should be zero directly under 
the roller center.  However, the stresses are obtained from the nodal points which are not 
exactly under the center of the roller.  Therefore, very small values of 12σ  are shown in 
Figures 2.7(a) and 2.7(b) due to a small offset of these nodal points from the centerline of 
the roller.  Accordingly, the elastic Hertzian solutions based on the appropriate value of 
the x coordinate for these nodal points are also plotted in Figures 2.7(a) and 2.7(b) for 
comparison.  However, at the contact point, the values of the stresses  11σ  and 22σ  
obtained from the finite element analysis based on Mesh-1, are 68% and 43% lower than 
the elastic Hertzian solution.  Thus with the element size of 0.1 mm finite element model 
Mesh-2 is found reasonable for the elastic single indentation with the given high 
indentation load.  Figure 2.8 shows the contact pressure distributions on the plate surface 
based on the elastic Hertzian solution and the results of the elastic finite element analysis 
due to indentation by the rigid roller based on the finite element model Mesh-2 with the 
element size of 0.1 mm at the load of 3847 N/mm.  The contact pressure distribution 
obtained by the elastic finite element analysis is in good agreement with the elastic 
Hertzian solution except near the boundary of the contact region due to the mesh 
discretization [9].  It should be noted that for the elastic finite element analysis the results 
based on both linear element CPE4 and CPE4R were identical.  Based on this parametric 
study of the contact stress distribution at the different load levels, it is suggested that for 
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the linear element CPE4 or CPE4R, a total of four to five finite elements for the half 
contact width are needed to obtain acceptable contact pressure and subsurface stress 
distributions.  
 
2.5.2.  Mesh sensitivity for elastic-plastic finite element analyses   
Similar to the elastic finite element analyses, a mesh sensitivity study was 
conducted for simulation of the rigid cylinder indenting on the elastic-plastic finite plate.  
The finite element models Mesh-1 and Mesh-2 with the element sizes of 0.4 mm and 0.1 
mm are again used in this study.  The results based on Mesh-1 and Mesh-2 are compared.  
Figure 2.9(a) shows the contact pressure distributions for both Mesh-1 and Mesh-2.  The 
elastic Hertzian solution is also shown for reference.  As shown in the figure, the contact 
pressure distributions for both Mesh-1 and Mesh-2 are in agreement with each other 
except near the boundary of the contact region due to the differences in mesh size and the 
differences of the area under the curve is within 9%.  For mesh-1 there are four contact 
elements for the half contact width.  Figure 2.9(b) shows the displacement components 
1u  and 2u  of the upper surface nodes and Figure 2.9(c) shows the stress distributions 
directly under the roller center in the –y direction from the top surface of the elastic-
plastic plate when the roller is down for the cases of Mesh-1 and Mesh-2.  For the 
indentation, the peak values of the compressive stress components 11σ , 22σ  and 33σ  
occur at the contact surface directly under the roller center.  With the value of the stress 
component 33σ  is in between the stress components 11σ and 22σ , the distributions of 11σ , 
22σ  and 33σ  are nearly parallel until the end of the plastic zone.  Figure 2.9(d) shows a 
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comparison of the residual stresses distributions in the –y direction from the top surface 
of the plate for both Mesh-1 and Mesh-2 after the roller load for single indentation is 
removed.  The results based on Mesh-1 and Mesh-2 show that the subsurface stresses and 
residual stresses based on both meshes were in good agreement except the stresses on the 
contact surface with acceptable differences.  For the elastic-plastic plate material, as the 
load increases and the material under the contact surface becomes plastic, the material 
acts much softer and the contact width increases.  Therefore, more nodes come in contact 
with the roller and the contact load is distributed to more elements.  Therefore, Mesh-1 
can give reasonable contact pressure and subsurface stress distributions and was used for 
the subsequent rolling simulation for saving computational time.  It seems that the 
guideline of four linear elements for half contact width is still applicable to the elastic-
plastic finite element analyses.   
 
2.6.  Stress distributions due to plate rolling 
Based on the coarse Mesh-1, the entire rolling simulation is carried out.  
However, many computational results presented are based on the fine Mesh-2.  Figure 
2.10(a) shows the Mises stress distribution and the plastic zone size and shape as the 
roller is moved down at the full rolling load of 3847 N/mm based on Mesh-1.  The inner 
area of the lightest contour line represents the material that is yielded and hence the 
lightest contour line represents the plastic zone size and shape.  The total contact width is 
about a6  for the rolling.  As the rolling continues, the Mises stress contours reaches 
almost a steady state at a distance of nearly a5.6  from the start point, as compared to 
a4.6 obtained by Bhagava et al. [17] and the steady state plastic zone extends to 
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approximately a5 .  Here, a  is the half contact width based on the elastic Hertzian theory 
of contact.  For the given roller radius, the half contact width a  is obtained as 0.3895 
mm.  Figure 2.10(b) shows the Mises stress contours and plastic zone size and shape 
when the roller is rolled to the half rolling length.  Figure 2.10(c) shows the Mises stress 
contours and plastic zone size and shape after the roller is moved up and the rolling is 
completed.   
Figure 2.11(a) shows again the displacement components 1u  and 2u  of the upper 
surface nodes when the roller is moved down at the full applied rolling load based on the 
coarse Mesh-1.  The displacement component 1u  is asymmetric with respect to the center 
of the roller contact area and has negative and positive values behind and in front of the 
center of the roller contact area, respectively.  The displacement component 2u  is 
negative and symmetric with respect to the center of the roller contact area.  Figure 
2.11(b) shows the residual displacement components 1u  and 2u  of the upper surface 
nodes after the rolling is completed based on the coarse Mesh-1.  As the rolling 
progresses, the residual values of the displacement component 1u  of the upper surface 
nodes between the start and end points increase as shown in Figure 2.11(b).  This 
indicates that plastic deformation continues to accumulate along the rolling direction of 
the rolled surface.  On the other hand, the residual values of the displacement component 
2u  between the start and end points are quite stable as shown in Figure 2.11(b).  Three 
nodes are selected on the plate surface as shown in Figure 2.12(a) and the histories of the 
nodal displacement components of 1u  and 2u  of these nodes are plotted in Figures 
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2.12(b) and 2.12(c), respectively.  The plot also confirms that the displacement 
component  2u  is stable throughout the rolling process.   
Figure 2.13(a) shows again the contact pressure distribution between the roller 
and the plate due to single indentation based on the fine Mesh-2 and the elastic-plastic 
finite element analysis at the maximum load of 3847 N/mm.  The elastic Hertzian 
solution is also plotted for comparison.  The results of the elastic-plastic finite element 
analysis shows that the contact pressure distribution is no longer Hertzian pressure 
distribution but rather flatter and wider, and they are in general agreement with the 
findings of Kral et al. [10] and Komvopoulos [11].  This is due to the subsurface plastic 
flow that leads to a flatter and wider pressure distribution.  Figure 2.13(b) shows a 
representative contact pressure distribution between the roller and the plate during rolling 
after the steady state of the contact pressure distribution based on the fine Mesh-2 is 
reached.  The results confirm that the contact pressure distribution is neither Hertzian 
pressure distribution nor symmetric.  A finer mesh size of 0.1 mm was used for this 
purpose to capture the detailed pressure distribution.  It should be noted that the 
computational time for the finite element analysis based on the 0.1 mm mesh is 
prohibitively high to conduct a full rolling analysis.   
Figure 2.14 shows the stress distributions of the upper surface during rolling at the 
half rolling length.  During the rolling process, depending on the indentation depth, a 
zone of material in front of the roller is being pushed and hence results in a non-
symmetric contact pressure distribution.  At the same time, a small zone of material 
behind the roller is being pulled away by the roller and is less compressive shown as a 
peak of the longitudinal stress 11σ  in Figure 2.14.  As the roller moves further, the very 
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thin top layer with the less compressive stress returns to a more compressive stress state 
due to a relatively larger subsurface zone that is in a compressive stress state (Figure 
2.21).  The roller needs to always push the rise-up material in front of it during rolling.  
Therefore, a very thin top layer on the rolling surface passes through a compressive-
tensile-residual compressive loading cycle.  This loading pattern causes a relatively less 
compressive longitudinal stress in the thin top layer than that of the subsurface (Figure 
2.21).  Also this loading pattern is different from the single indentation case where the 
material is loaded by only a compressive loading.   
Figure 2.15 shows the stress distributions directly under the roller center in the –y 
direction from the top surface when the roller is down for the cases of single indentation 
and during rolling as the roller is rolled to the half rolling length based on the coarse 
Mesh-1.  For the single indentation, the peak compressive values of the stress 
components 11σ , 22σ  and 33σ  occur at the contact surface directly under the roller 
center.  During rolling, the peak compressive values of the stress components 11σ , 22σ  
and 33σ  still occur at the surface but are located in front of the roller.  In the rolling case, 
directly under the roller center, the peak compressive value of the stress component 11σ  
occurs at a depth to the contact surface and can be explained in the following.  Figure 
2.16 shows the contours of the longitudinal stress component 11σ  when the roller load is 
applied for both the single indentation and rolling cases.  For the single indentation, the 
11σ  contour lines are symmetric about the roller center whereas for the rolling, the 
compressive zone is moving to the front of the roller such that it is leaving a compressive 
stress trail zone behind it and is no longer symmetric about the roller center line.  
Therefore, the peak value of the compressive stress 11σ  for the rolling case occurs in the 
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subsurface directly under the roller center.  The distribution of the stress component 11σ  
under the roller center during the rolling is different from that of the single indentation 
case.  The peak value of the compressive stresses 22σ  and 33σ  for the rolling case occurs 
at the contact surface directly under the roller center as in the single indentation case.   
Note also that the stresses are obtained from the nodal points which are not 
exactly under the roller center.  Therefore, for the single indentation case, very small 
values of 12σ  exist due to a small offset of these nodal points from the roller centerline as 
shown in Figure 2.15.  The results of the finite element analysis shows that for the rolling 
case, the zero value of 12σ  occurs at a distance approximately a16.2  in front of the 
roller.  The shear stress component 12σ  shows the peak value at the location of the peak 
compressive stress 11σ  and thus indicating the rolling effect on the subsurface layer.  
Directly under the roller center, the magnitudes of the stress components 11σ , 22σ  and 
33σ  during rolling are 24%, 10% and 9% lower at the contact surface than those of the 
single indentation case.  Figure 2.17 shows the displacement components 1u  and 2u  
directly under the roller center in the –y direction from the top surface for single 
indentation and during rolling.  The displacement component 1u  for the rolling case is 
significantly higher than the nearly vanishing 1u  of the single indentation case.  Note that 
for the single indentation case, the  1u  component exists due to a small offset of these 
nodal points from the roller centerline as mentioned above.  However, the displacement 
components 2u  are nearly the same for both cases.  Figure 2.18 shows the distributions of 
the equivalent plastic strain directly under the roller center for single indentation and 
during rolling. As shown in the figure, the maximum value of the equivalent plastic strain 
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(PEEQ) for the rolling is almost 5 times higher than that of the single indentation case 
and appears at a depth equal to about a2  for both cases. 
Figure 2.19 shows a comparison of the residual stresses of the rolling and single 
indentation cases after the roller load is removed.  The results for the single indentation 
case show a small tensile longitudinal residual stress ( 11σ ) at the contact surface (Figures 
2.19 and 2.21).  The results for the rolling case show a compressive residual stress 
component 11σ  at the contact surface.  The results also showed a significantly higher 
subsurface compressive residual stress component 11σ  after rolling when compared to 
that for single indentation. Overall, the distributions of the out-of-plane residual stress 
components 33σ  for the single indentation and the rolling cases are similar, except within 
a few millimeters of the contact surface where the residual stress 33σ  on the surface for 
the rolling case is lower than that of the single indentation case.  The residual stress 
component 12σ  have small values near the surface for the single indentation case, and the 
residual stress components 12σ  and 22σ  have small values near the surface for the rolling 
case.  These small values could not be shown clearly in Figure 2.19 due to the scale of the 
figure.  Figure 2.20 shows the residual displacement components 1u  and 2u  in the –y 
direction from the top surface for the single indentation and rolling cases after the roller 
load is removed.  The residual value of the displacement component 1u  on the surface for 
the rolling case is higher than that of the single indentation case.  On the other hand, the 
residual value of the displacement component 2u  on the surface for the rolling case is 
significantly lower than that of the single indentation case.  Figure 2.21 shows the 
distributions of the residual longitudinal stress 11σ  after the roller load is removed for the 
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single indentation and rolling cases.  Figure 2.22 shows the residual stress distributions of 
the upper surface after the rolling is completed.  These plots show that residual stress 
component 11σ  (along the plate length) is the dominant component and the out-of-plane 
residual stress component 33σ  is also significant.    
Now consider the scenario of using a two-dimensional plane strain finite element 
analysis of a crankshaft section under single indentation with loading/unloading phases 
similar to those in Chien et al. [4].  Note that 11σ  and 33σ  of the flat plate single 
indentation/rolling from the current study can be related to the out-of-plane stress zzσ  
and the hoop stress θθσ  , respectively, for the crankshaft section based on the cylindrical 
coordinate system used by Chien et al. [4].  Since the residual out-of-plane stress zzσ  
would be higher with the rolling as found for 11σ  in the current investigation, the hoop 
stress θθσ  would be affected too in a similar sense as 33σ .  Chien et al. [4] matched their 
two-dimensional finite element rolling depth after the unloading of the roller with the 
fillet surface profiles measured by the shadowgraphs taken before and after the fillet 
rolling process without direct use of the actual rolling load and thus may have obtained a 
good correlation.  However, using the fillet surface profiles to calibrate the two-
dimensional finite element analysis may not be available upfront in many actual design 
iteration processes.  The current study suggests that the effect of rolling must be taken 
into consideration to interpret the results of finite element analyses based on the two-
dimensional crankshaft sections under single indentation with loading/unloading phases 




2.7.  Effects of boundary conditions on residual stresses 
The rolling gives a relatively longer longitudinal length of the plate material that 
is plastically deformed than the single indentation.  The compatibility and equilibrium 
between the plastic and the elastic layers in the plate typically results in a compressive 
stress in the top deformed (rolled) layer after the roller load is removed.  For a plate with 
a finite dimension in this investigation, the boundary conditions will have significant 
impact on the residual stresses and are examined here.  The physical reasons for the 
constrained displacement in the x direction for the surfaces AB and CD and the 
constrained displacements in the x and y directions for the surface BC come from the fact 
that the plate is used to represent the cross section of a crankshaft journal.  Figure 2.23 
shows the contours of the residual Mises stress after the roller load is removed for the 
single indentation and rolling cases.  Figures 2.24(a) and 2.24(b) show the distributions of 
the residual stress components on the surface AB of the plate in the –y direction from the 
top after the roller load is removed for the single indentation and rolling cases, 
respectively.  It should be noted that the single indentation was conducted at the location 
of the rolling start point that is closer to the boundary surface AB.  For the rolling case, 
the maximum value of the longitudinal residual stress component 11σ  on the boundary 
surface AB of the plate as shown in Figure 2.24(b) was found four times more 
compressive than that of the single indentation case (Figure 2.24(a)).   
Figures 2.25(a) and 2.25(b) show the distributions of the residual stress 
components on the surface CD of the plate in the –y direction from the top after the roller 
load is removed for the single indentation and rolling cases, respectively.  The stress 
components are nearly zero on the boundary located on the surface CD of the plate that is 
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far away from the location of the single indentation as shown in Figure 2.25(a).  For the 
rolling case, the longitudinal stress is compressive and around 10 MPa on the boundary 
surface CD of the plate as shown in Figure 2.25(b) compared to the near zero value for 
the single indentation case.  For an infinite solid subjected to a single indentation, one 
might expect that the longitudinal residual stress component directly under the roller 
center may be in self-equilibrium. However, for a finite plate with the dimensions 
relatively large compared to the roller dimension and the contact width, the boundary 
conditions have effects on the residual stresses.    It is found that the distribution of the 
longitudinal residual stress component 11σ  along the roller centerline (Figure 2.19) is no 
longer in self equilibrium due to the change in the length of the top layer of the plate by 
rolling and the reaction forces at the boundary surfaces.   
For a finite plate, the residual stresses in the plastically deformed zone are also 
affected by the boundary conditions.  For the single indentation, consider a hypothetical 
condition where all the boundary conditions are released.  Figure 2.26(a) shows the 
effects of the boundary conditions on the residual stresses in the plastically deformed 
zone for the single indentation case.  After the boundary conditions are released, the 
changes in the residual stresses are recorded for a few nodes marked as node-1, node-2 
and node-3 in the top portion of the plate located directly under the roller center and 
closer to the indentation center as shown in Figure 2.26(a).  Note that the rigid roller is 
shown in the figure to show the locations of these nodes.  After the boundary conditions 
are released, the value of the residual longitudinal stress 11σ  becomes around 2.7 times 
more tensile at node-1 on the top surface.  As shown in the figure, the changes are not so 
drastic at node-2 and node-3.  Figure 2.26(b) shows the effects of the boundary condition 
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on the residual stresses in the plastically deformed zone for the rolling case. For the 
rolling case, the boundary conditions are also important since any constraint will restrict 
the plate to take any deformed shape due to the compatibility and equilibrium of the 
plastic and the elastic layers after the roller load is removed.  For the rolling case, after 
the rolling load is removed and the displacement boundary conditions on both the 
boundary surfaces AB and CD are released successively, the changes in the residual 
stresses are recorded for few nodes marked as node-1, node-2 and node-3 in the top 
portion of the plate located at the half rolling length as shown in Figure 2.26(b).  Note 
that the rigid roller is shown to show the locations of these nodes relative to the starting 
of the rolling.  At node-1 located on the top surface, the absolute value of the 
compressive residual longitudinal stress ( 11σ ) is reduced by 17% and the stress becomes 
less compressive.  Next, the fixed boundary condition on the bottom surface BC is also 
removed so that the plate can deform freely in the longitudinal direction.  The value of 
the compressive residual longitudinal stress is further reduced by 54% at node-1 on the 
top surface at the location of half rolling length. That results in a total drop of 62% in the 
value of the compressive longitudinal stress component due to the release of all the 
boundary conditions.  For the rolling case, after all the boundary conditions are released, 
the plate takes a convex shape and the values of the compressive residual stresses reduce. 
 
2.8.  Conclusions 
In this paper, residual stresses due to single indentation and rolling on a finite 
plate at very high rolling loads are investigated by two-dimensional plane strain finite 
element analyses using ABAQUS.  In the finite element analyses, the roller is modeled as 
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rigid and has frictionless contact with the finite plate.  Finite element analyses with 
different meshes for single indentation on elastic flat plate under plane strain conditions 
are first carried out and the results are compared with those of the elastic Hertzian 
solutions to understand the need of the finite element model for elastic-plastic analyses of 
indentation and rolling.  Then the plate material is modeled as an elastic-plastic power-
law strain hardening material with a non-linear kinematic hardening rule for loading and 
unloading.  Finite element analyses with different meshes for single indentation on an 
elastic-plastic flat plate under plane strain conditions are also carried out to validate the 
finite element models.  Based on the computational models for indentation and rolling at 
high rolling loads with extensive plastic deformation, the computational results show that 
the contact pressure distributions are quite different and they are also significantly 
different from the elastic Hertzian pressure distribution.  The computational results for 
the rolling case show a significantly higher longitudinal compressive residual stress and a 
lower out-of-plane compressive residual stress along the contact surface when compared 
to those for the single indentation case.  Moreover, the residual stresses at the boundary 
surfaces due to rolling are found to be four to five times higher than those of the single 
indentation case. Also, the longitudinal residual stress distribution under the roller is no 
longer in self equilibrium due to a length change of the top portion of the plate by rolling 
and the boundary reaction forces which are no longer negligible compared to those of the 
single indentation case.  The results suggest that the effects of rolling must be accounted 
for when two-dimensional finite element analyses of crankshaft sections are used to 
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Appendix 2.A: Conversion of the roller load for the plane strain model 
Figure 2.A1(a) shows a three-dimensional finite element model for a crankshaft 
section under fillet rolling.  A portion of the secondary roller on one side of the symmetry 
line is also modeled by finite elements.  Figure 2.A1(b) shows a magnified view of the 
crankshaft section and the primary roller.  As shown in Figure 2.A1(b), very fine 
elements are used near the fillet region of the crankshaft section.  The crankshaft and 
rollers are mainly modeled by hexagonal elements (C3D8) in ABAQUS.  The primary 
and secondary rollers also have fine elements near the contact zone.  The nonlinear 
kinematic hardening material model of ABAQUS based on the tensile stress-plastic strain 
curve shown in Figure 2.2 is used for the crankshaft section in the finite element 
analyses.  The diameters of the primary and secondary rollers are assumed to be 14 mm 
and 80 mm, respectively.  The roller load is assumed to be 5700 N.  The material data for 
the primary and secondary rollers are obtained from Choi et al. [3] and they are treated as 
elastic. 
Figure 2.A2(a) shows the contact pressure distribution between the crankshaft and 
the primary roller from the three-dimensional finite element analysis when the roller load 
is applied.  Figure 2.A2(b) shows the contact pressure distributions along the two 
circumferential paths, path 1 and 2, as marked in Figure 2.A2(a).  The results in Figure 
2.A2(b) indicate that the contact pressure distributions are quite similar along the two 
circumferential paths.  Based on the area under the contact pressure distribution of path 2, 
the load per unit thickness is calculated as 3847.0 (N/mm) which is the rolling load used 















































Elastic Flat Plate 








E1→∞, ν1, R1 
 
Elastic Flat Plate 








































Figure 2.1. (a) Contact between two elastic cylinders, (b) contact between an elastic roller 
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Figure 2.3. (a) One actual rolling load history for the crankshaft fillet rolling and (b) the 
assumed rolling load history for finite element analyses. 
One revolution 
single loading 
















































Figure 2.4. A schematic of a two-dimensional model of a flat plate rolling process. The 
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Figure 2.5. (a) A two-dimensional finite element model of a rigid cylinder rolling on a 
finite flat plate and magnified views of the finite element models for (b) Mesh-1 with the 
element size of 0.4 mm and (c) Mesh-2 with the element size of 0.1 mm. 
Roller 
300 mm 
 62 mm 
















































Figure 2.6.  A comparison of the contact widths between the flat plate and the rigid roller 
obtained by the elastic Hertzian solution and the elastic finite element analysis as 































































































Figure 2.7. A comparison of the results from the finite element analysis and the elastic 
Hertzian solution for contact between the elastic plate and the rigid roller. (a) The stress 
distributions in the –y direction from the top surface for single indentation and (b) a 
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Figure 2.8. The contact pressure distributions on the plate surface based on the elastic 
Hertzian solution and the results of the elastic finite element analysis with a fine plate 
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Figure 2.9. (a) The contact pressure distributions, (b) the displacement components 1u  
and 2u  of the plate surface nodes, (c) the stress distributions and (d) the residual stress 
distributions in the  –y direction from the top surface based on Mesh-1 and Mesh-2 after 



















Figure 2.10. The Mises stress distributions and the plastic zone sizes and shapes 
represented by the lighter contours due to the rolling when (a) the roller is moved down at 
the full rolling load, (b) the roller is rolled to the half rolling length, and (c) the roller is 




















                                       

































































Figure 2.11. (a) The displacement components 1u  and 2u  of the upper surface nodes 
when the roller is moved down at the full applied rolling load, and (b) the residual 
































































































































Figure 2.12. (a) Three nodes are arbitrarily selected on the plate surface, and the histories 
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Figure 2.13. Contact pressure distributions (a) for single indentation and (b) during 




































































































Figure 2.15. The stress distributions in the –y direction from the top surface for single 
indentation and during rolling. 
 


















































Figure 2.16. The contours of the longitudinal stress component 11σ  for single indentation 
















































Figure 2.17. The displacement components 1u  and 2u  in the –y direction from the top 



















































Figure 2.18. The distributions of the equivalent plastic strain (PEEQ) directly under the 




































Figure 2.19. The residual stress distributions in the –y direction from the top surface after 
the roller load is removed for the single indentation and rolling cases. 














































































Figure 2.20. The residual displacement components 1u  and 2u  in the –y direction from 














Figure 2.21. The distributions of the residual longitudinal stress 11σ  after the roller load 












































































Figure 2.23. The contours of the residual Mises stress after the roller load is removed for 
the single indentation and rolling cases. 



























Residual stress distribution at the  left hand side of the vertical boundary
 
 


























































Figure 2.24. The distributions of the residual stresses on the boundary surface AB of the 
plate in the –y direction from the top after the roller load is removed for (a) the single 













































































Figure 2.25. The distributions of the residual stresses on the boundary surface CD of the 
plate in the –y direction from the top after the roller load is removed for (a) the single 





























































































































Figure 2.26. The effects of the boundary conditions on the residual stresses at the marked 
locations (a) at the marked locations for the single indentation case and (b) at the marked 
locations at the half rolling length for the rolling case. 
 


















































Figure 2.A1. (a) A three-dimensional finite element model of a crankshaft section under 


















































Contact pressure along path 1






Figure 2.A2. (a) The contact pressure distribution between the crankshaft and the primary 
roller, and (b) the contact pressure distributions for paths 1 and 2 as marked in (a). 
Path 1 Path 2 
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Chapter 3                                                                                                                          
Effect of a Deformable Roller on Residual Stress Distribution for Elastic-Plastic Flat 
Plate Rolling under Plane Strain Conditions  
 
3.1.  Introduction 
For automotive crankshafts, fatigue damages have been observed near the fillets 
due to stress concentration.  The fillet rolling process has been used for years to introduce 
compressive residual stresses near crankshaft fillets and, consequently, to improve fatigue 
strengths of crankshafts [1-3].  The residual stresses can significantly affect the fatigue 
lives of the crankshafts under high cycle fatigue loading conditions.  Previously, 
researchers estimated the residual stresses near crankshaft fillets either using two-
dimensional or three-dimensional finite element analyses [2-8].  Numerous studies were 
conducted to understand the stress distributions and deformation patterns near rolling 
contact surfaces [9-22].  A brief discussion of these works can be found in [23].   
Most researchers used the moving Hertzian pressure distribution to represent the 
contact pressure for rolling with kp0  ratios ranging from 5 to 9, where 0p  is the 
maximum Hertzian pressure and k  is the shear yield stress of the material.  For 
crankshaft rolling, the kp0  ratio can be as high as 22 as indicated in [23].  Ali and Pan 
[23] investigated the differences of the residual stresses distributions due to single 
indentation and rolling by a rigid roller on a finite plate with a very large contact pressure 
that is relevant to the crankshaft rolling process with a high kp0  ratio of 22 based on 
two-dimensional plane strain finite element analyses.  The computational results for the 
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rolling case show a significantly higher longitudinal compressive residual stress and a 
lower out-of-plane compressive residual stress along the contact surface when compared 
to those for the single indentation case.  Their investigation is further extended in this 
work to understand the effect of an elastic deformable roller on the residual stresses due 
to single indentation and rolling with a high kp0  ratio of 22.  A high kp0  ratio of 22 
referred to in this paper is based on the results of a rigid roller indenting an elastic body.  
For a similar contact configuration, if a rigid roller is replaced by an elastic roller, the 
kp0  ratio becomes about 16 due to the elastic deformation of the roller to lower the 
value of 0p . 
This investigation is aimed to quantify the differences between the residual stress 
distributions in an elastic-plastic plate due to single indentation and rolling by rigid and 
elastic rollers with a very large contact pressure.  As shown later in this paper, the 
maximum contact pressure and contact width for an elastic roller indenting an elastic 
plate are significantly lower and higher than those for a rigid roller on elastic plate, 
respectively.  More importantly, the advantages of using a rigid roller instead of an elastic 
roller give the convenience of applying the roller load with a smaller model size. Both 
conditions of indentation and rolling are selected for this study to identify whether a rigid 
roller model can be used to replace an elastic roller model for crankshaft rolling 
simulations with a sufficient accuracy to obtain the residual stresses distribution for 
further fatigue strength analyses.  While a three-dimensional finite element analysis is 
more appropriate to calculate the residual stresses due to single indentation and rolling, a 
two-dimensional model is chosen here to save computational effort.   
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In this paper, a crankshaft fillet rolling along the circumference of the main 
journal is idealized to a two-dimensional plane strain flat plate rolling with appropriate 
boundary conditions.  The roller is assumed to be both rigid and linear elastic and the 
contact between the roller and the plate is frictionless.  The roller load per unit width for 
the two-dimensional model is obtained from the corresponding three-dimensional finite 
element analysis of single indentation on the crankshaft fillet [23].  Here, the elastic 
Hertzian solution for contact of two elastic cylinders is first reviewed.  Then, the results 
of elastic plane strain finite element analyses of single indentation on a flat plate are 
presented for both roller models in order to examine the differences of the elastic contact 
pressure distributions obtained from both roller models.  For this case, the plate is 
modeled as linear elastic.  Next, the results of the elastic-plastic plane strain finite 
element analyses of single indentation and rolling on a flat plate are presented and 
compared at a high rolling load with extensive plastic deformation.  For this case, the 
plate material is modeled as an elastic-plastic power-law strain hardening material with 
the non-linear kinematic hardening rule of ABAQUS [24] for loading and unloading.  For 
the rolling case, only a single pass rolling is simulated.  The subsurface stress and 
residual stress distributions under the roller center induced by the rolling are then 
compared for the rigid and elastic roller cases.  Finally, some conclusions will be made 
based on the results of this investigation. 
 
3.2.  Modeling procedures 
Figure 3.1 shows a schematic of a two-dimensional model of a flat plate rolling 
process. The cylindrical roller is assumed to be both rigid and linear elastic, and the 
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contact between the roller and the plate is frictionless.  Figure 3.1 shows the phases of the 
rolling simulation.  Initially, the roller is sitting on the starting position of the flat plate.  
Then the roller is moved down with a given load.  The roller is then rolled horizontally to 
the right.  After traveling the full rolling length, the roller is moved up and the rolling is 
completed. 
The finite element analyses were performed using the commercial finite element 
code ABAQUS.  The numerical scheme of a two-dimensional finite element analysis of a 
rigid cylindrical roller rolling on a finite flat plate was presented in Ali and Pan [23] and 
will not be repeated here. Figure 3.2(a) shows a two-dimensional finite element model of 
an elastic cylindrical roller rolling on a finite flat plate.  The Cartesian coordinate system 
is also shown in the figure (throughout this paper the Cartesian coordinate notations x, y, 
z and 1, 2, 3 will be used interchangeably for convenience).  The length and the thickness 
of the plate are 300 mm and 24.552 mm, respectively.  Two-dimensional plane strain 4-
noded CPE4R elements of size 0.4 mm by 0.4 mm are used in this model.  The selection 
of the sizes of the finite elements to simulate single indentation and rolling follows the 
guidelines that were established in Ali and Pan [25] and will not be reported here.  The 
diameter of the roller is 14 mm.  The bottom of the plate is fixed, and the displacements 
on both end surfaces AB and CD of the plate in the x direction are constrained.  The 
rolling start point on the upper surface is located at x = 62 mm and the rolling end point is 
located at x = 216.264 mm to eliminate possible end effects.   
The loading and boundary conditions on the elastic roller may be applied in 
different ways to conduct the plane strain finite element simulations of rolling.  Two 
simulation schemes are presented here: BC-1 and BC-2.  For BC-1, a detailed view of the 
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elastic roller loading and the boundary conditions are shown in Figure 3.2(b).  An 
analytical rigid surface or rigid body of ABAQUS is defined horizontally.  The rigid 
surface is in contact with the upper part of the elastic roller.  This top rigid surface is used 
to apply the rolling load to the elastic roller in the downward direction.  The rotational 
degree of freedom of the rigid surface reference node is constrained but it can move 
vertically with the applied load and horizontally with an applied motion through a rigid 
body reference node.  
It should be noted that the roller mesh must be sufficiently refined at the contact 
location between the rigid surface and the roller to avoid numerical convergence issues.  
The roller is meshed predominantly by quadrilateral elements.  In this study, 4-noded 
quadrilateral elements of size 0.1 mm by 0.16 mm are used for the contact layer of the 
roller with the 0.1 mm side on the contact side for the given load.  The element sizes were 
selected based on the results of a mesh sensitivity study of the elastic finite element 
analysis benchmarked with the elastic Hertzian solution as discussed in [25].  The contact 
between the top rigid surface and the roller is modeled as non-slip (i.e. rough friction) to 
assist the rigid body rotation of the roller.  The arrangement for the rotation of the roller 
provides the necessary numerical convergence although it is not necessary for the 
frictionless contact between the roller and the plate as investigated here.   
As shown in Figure 3.2(b), the roller center is denoted by L.  At any instant, M 
and M' represent the contact points on the top and bottom surface of the roller, 
respectively.  The distance between M and M' before loading represents the diameter of 
the elastic roller.  A velocity boundary condition v  is applied at the roller center L in the 
x direction to translate the roller in the rolling direction and to overcome the resistance of 
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the indented surface due to the applied high rolling load.   The roller center L is free to 
move in the vertical direction.  The velocity boundary condition of the top rigid surface is 
chosen to be v2  in the x direction based on the rigid body dynamics.  With the non-slip 
condition, the relative velocity of point M is v  in the positive x direction with respect to 
L.  On the other hand, the relative velocity of point M' is v  in the negative x direction 
with respect to L.  The top rigid surface velocity is chosen here such that there is no 
relative motion between the roller and the plate at the contact point (near M') according to 
the rigid body dynamics.  This is verified by another finite element analysis that at high 
rolling load, the roller would be standing still at the rolling start position with only rigid 
body rotation from the contact at M without the translational motion at the roller center 
due to frictionless contact between the roller and the plate.  This is because the shear 
traction at point M due to non-slip condition is much smaller than the force necessary to 
overcome the resistance due to the indented surface at high rolling loads.   
It should be noted that the deformed length of LM and LM' would be slightly 
different under the given rolling load since the elastic roller is contacting the top rigid 
surface and the lower elastic-plastic plate.  The results of the finite element analyses for 
indentation and rolling indicate that the difference of the deformed lengths of LM and 
LM' is less than 0.2% of the undeformed roller radius.  Therefore, the velocity boundary 
conditions given at M and L based on the rigid body dynamics appears to be quite 
acceptable.  Figure 3.2(c) shows the Mises stress distribution of the roller for single 
indentation and rolling to examine the effect of the boundary conditions applied at the 
roller center L and the contact point M.  As shown in the figure, the Mises stress is 
localized near the roller center L where the velocity boundary condition is applied and it 
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does not appear to have impact on the stress distributions of the roller near the contact 
locations.  Thus applying the translation motion at the roller center may be acceptable for 
the current investigation. 
Another set of elastic roller loading and boundary conditions (BC-2) is also used 
for verification purpose and is schematically shown in Figure 3.3.  For this set of 
boundary conditions, there is no top rigid surface and the rolling load is directly applied 
on the upper side of the roller (near M).  The rolling load is evenly divided among a few 
nodes on the top surface of the roller to avoid numerical problems in the finite element 
analysis.  The selected nodes are the corner nodes of the elements on the roller 
circumference where the total length of the elements is equivalent to the contact width 
a2  (0.76615 mm for the current case) based on the Hertzian solution for the elastic roller 
contacting a rigid surface under the given rolling load.  The effects of these point loads 
on the roller are much localized and should not affect the stress and strain distributions 
near the contact surface between the roller and the plate far away from the applied load 
based on the Saint-Venant's principle.  A velocity boundary condition v  is still applied at 
the roller center L in the x direction to translate the roller in the rolling direction and to 
overcome the resistance due to the indented surface under the high rolling load.  Here, the 
rigid body rotation of the roller is not necessary since the contact between the roller and 
the plate is frictionless and this differentiates BC-2 from BC-1 as shown in Figure 3.2(b).  
The results of the stress distributions in the plate for single indentation and rolling with 
the BC-2 are found in very good agreement with those of the BC-1.  The results of the 
comparisons are not presented here for brevity.  However, for the elastic roller case, the 
results based on the BC-1 loading and boundary conditions are presented in this paper, 
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since the BC-1 can also be applied to the cases where the friction between the elastic 
roller and the plate is considered.  
It should be mentioned again that the numerical scheme of a two-dimensional 
finite element analysis of a rigid cylinder rolling on a finite flat plate was developed, and 
the details of the loading and boundary conditions for the rigid roller were presented in 
[23].  One goal of this investigation is to examine the residual stresses in crankshafts after 
fillet rolling by a rigid and an elastic roller models.  The total rolling length 154.264 mm 
and the plate thickness 24.552 mm are corresponding to the circumferential length and 
the radius of the main journal of a crankshaft of interest, respectively.  The details to 
determine the rolling load can be found in [23].  
Figure 3.4 shows the tensile stress–strain curve of the plate material.  The 
nonlinear kinematic hardening rule of ABAQUS is assumed based on the tensile stress-
strain curve shown in Figure 3.4.  The nonlinear kinematic hardening rule in ABAQUS is 
based on the Mises yield function.  For the loading/unloading/reloading process, the yield 
function can be expressed as 
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where ijσ  is the stress tensor, ijσ ′  is the deviatoric stress tensor, ijα  represents the center 
of the yield surface, ijα ′  is the deviatoric part of ijα , and 
0σ  represents the size of the 
yield surface.   Here, 
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where 
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δ  is the kronecker delta.    
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where pijε&  represents the plastic strain rate tensor and 
pε&  is the equivalent plastic strain 
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In ABAQUS, the nonlinear kinematic hardening rule is defined to be an additive 
combination of a purely kinematic term of the Ziegler linear hardening law and a 







                                                                                   (3.6) 
where 0σ  is constant and represents the size of the initial yield surface, ijα  represents the 
center of the yield surface, pε&  is again the equivalent plastic strain rate, and C  and γ  are 
material parameters that must be calibrated from cyclic test data.  Here, C  is the initial 
kinematic hardening modulus and γ  determines the rate at which the kinematic 
hardening modulus decreases with increasing plastic deformation.  When C  and γ  are 
zero, the model reduces to the isotropic hardening rule.  When γ  is zero, the Ziegler 
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linear hardening law is recovered.  Note that, for the nonlinear kinematic hardening rule 
of ABAQUS, the option of “HALF CYCLE” for data type was adopted in order to use 
the cyclic stress-strain curve of the material as the input stress-strain data [24].   
 
3.3.  Elastic Hertzian solutions and elastic finite element analyses 
Consider two infinitely long cylinders with their longitudinal axes both lying parallel are 
pressed in contact by a force P  per unit length as schematically shown in Figure 3.5(a).  
The Cartesian coordinates are also shown.  The two cylinders make contact over a long 
strip of width a2  lying parallel to their axes as shown in Figure 3.5(a).  The expressions 
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Here, E  represents the modulus of elasticity, ν  represents the Poisson's ratio, and R  
represents the radius. The subscripts 1 and 2 represent the upper and lower cylinders, 
respectively. 
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and the signs of m  and n  are the same as the signs of y  and x , respectively. 
Under plane strain conditions, the third principal stress  33σ  is 
)( 221133 σσνσ +=                                                                 (3.16) 
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The stresses in equations (3.11)-(3.13), (3.16) and (3.17) based on the elastic Hertzian 
solution will be plotted in Figures 3.6(a) and 3.6(b) as discussed later.  When the radius 
86 
 
2R  of the lower cylinder becomes infinity, the lower cylinder becomes a semi-infinite 
solid which is schematically represented by a flat plate as shown in Figure 3.5(b).  This 
corresponds to the case of an elastic flat plate indented by an elastic roller.  When the 
elastic modulus 1E  of the upper roller becomes infinity, the roller becomes rigid as 
shown in Figure 3.5(c).  This corresponds to the case of an elastic flat plate indented by a 
rigid roller. 
For elastic contact analyses, the finite element mesh size of 0.1 mm is used in this 
study [25].  Figure 3.6(a) shows the distributions of the stresses directly under the roller 
in the –y direction from the top surface of the plate for indentation by the elastic roller at 
the full rolling load.  Here, the plate is modeled to be linear elastic.  Figure 3.6(b) is a 
zoom-in view of Figure 3.6(a) to show the stresses in the top 5 mm strip of the plate.  For 
the elastic Hertzian solution, at the contact interface  11σ  = 22σ = )(xp− .  At the contact 
point, the stress  22σ  obtained from the finite element analysis is within 2% of the elastic 
Hertzian solution.  However, the stress  11σ  obtained from the finite element analysis is 
21% lower than the elastic Hertzian solution.  This may be attributed to the mesh 
discretization [9].  The shear stress component  12σ  should be zero directly under the 
roller center.  However, the stresses are obtained from the nodal points which are not 
exactly under the center of the roller.  Therefore, very small values of 12σ  are shown in 
Figures 3.6(a) and 3.6(b) due to a small offset of these nodal points from the centerline of 
the roller.  Accordingly, the elastic Hertzian solutions based on the appropriate value of 
the x coordinate for these nodal points are also plotted in Figures 3.6(a) and 3.6(b) for 
comparison purpose.  Figure 3.7(a) shows the contact pressure distributions on the plate 
surface based on the elastic Hertzian solution and the results of the elastic finite element 
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analysis due to indentation by the rigid roller.  Figure 3.7(b) shows the contact pressure 
distributions on the plate surface based on the elastic Hertzian solution and the results of 
the elastic finite element analysis due to indentation by the elastic roller.  The contact 
pressure distribution obtained by the elastic finite element analysis is in good agreement 
with the elastic Hertzian solution except at the corner of the contact point which can be 
attributed to the mesh discretization [9].  For the case with the elastic roller model, the 
elastic Hertzian solution showed the maximum contact pressure is about 29% lower and 
the half contact width is about 40% higher compared to those of the rigid roller model.  
As shown in Figures 3.7(a) and 3.7(b) the assumption of a rigid roller or a linear elastic 
roller can have significant effects on the contact pressure distributions and then the 
subsurface stress distributions when the plate is assumed as linear elastic. Next, the 
effects of the different roller models on the contact pressure and subsurface stress 
distributions are examined when the plate is assumed to be elastic-plastic.  
 
3.4.  Elastic-plastic finite element analyses 
Figure 3.8(a) shows the contact pressure distribution for both roller models 
between the roller and the plate due to single indentation based on the elastic-plastic 
finite element analyses conducted in this investigation.  The corresponding elastic 
Hertzian solutions are shown in Figures 3.7(a) and 3.7(b).  The results of the elastic-
plastic finite element analyses show that the contact pressure distribution is no longer 
similar to the Hertzian pressure distribution but rather flat and wide.  The pressure 
distributions are in general agreement with the findings of Kral et al. [10] and 
Komvopoulos [11].  Also the maximum contact pressures and the half contact widths for 
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both roller models are about the same. This is due to the subsurface plastic flow that leads 
to a flat and wide pressure distribution.  As shown in Figures 3.7(a), 3.7(b) and 3.8(a), 
although there are notable differences in the elastic Hertzian solutions for the elastic and 
the rigid rollers indenting an elastic plate, there are no significant differences in the 
contact pressure distributions for these rollers when indenting an elastic-plastic plate.  
Figure 3.8(b) shows the representative contact pressure distributions for both roller 
models between the roller and the plate for rolling after the steady states of the contact 
pressure distributions are reached when the roller rolls a half rolling length.  The results 
confirm that the contact pressure distributions are neither similar to the Hertzian pressure 
distribution nor symmetric.  The total contact widths ( a2 ) for both roller models are with 
a small difference of 4% and with a slightly larger trailing contact for the elastic roller. 
The contact pressure distribution for the elastic roller shows a slightly lower (4%) 
maximum contact pressure value and a smaller pressure on the forward side when 
compared to that of the rigid roller case.  This is due to the deformation of the elastic 
roller that results in a slightly lower contact pressure in front of the roller whereas the 
contact pressure near the back of the roller got slightly higher to balance the given rolling 
load.  However, it will be shown later that the impact of these differences is minimal on 
the stress distribution in the plate directly under the roller center.  A finer mesh size of 
0.1 mm was used for this purpose to capture the detailed pressure distributions.  It should 
be noted that the computational time for the finite element analysis based on the 0.1 mm 
mesh is prohibitively high to conduct a full rolling analysis.   
Figure 3.9(a) shows the stress distributions directly under the roller center in the –
y direction from the top surface of the elastic-plastic plate when the roller is down for the 
89 
 
cases of indentation by the rigid and elastic rollers.  For the indentation, the peak values 
of the compressive stress components 11σ , 22σ  and 33σ  occur at the contact surface 
directly under the roller center.  Note again that the stresses are obtained from the nodal 
points which are not exactly under the roller center.  Therefore, very small values of 12σ  
exist due to a small offset of these nodal points from the roller centerline.  The 
distributions of the stresses for both roller models are about the same with no significant 
differences.  Figure 3.9(b) shows the displacement components 1u  and 2u  directly under 
the roller center in the –y direction from the top surface of the elastic-plastic plate for 
indentation by both rollers. The displacement component 2u  for the rigid roller case is 
slightly higher (about 3%) than that for the elastic roller case.  However, the displacement 
components  1u  are nearly the same for both cases.  Note that the  1u  component exists 
due to a small offset of these nodal points from the roller centerline as mentioned above. 
Figure 3.10(a) shows the stress distributions directly under the roller center in the 
–y direction from the top surface of the elastic-plastic plate for rolling as the roller is 
rolled to the half rolling length for both roller models.  It should be noted that the rolling 
distances are about half of the rolling length for the two cases and they are slightly 
different due to the ABAQUS automatic step increments.  However, the results are 
presented to show the similarity of the stress distributions for the two roller cases. A 
slightly higher compressive stresses 22σ  (about 7%) and 33σ  (about 5%) at the contact 
surface for the elastic roller case may be attributed to the slightly higher (2%) contact 
pressure directly under the roller center (Figure 3.8(b)) compared to those of the rigid 
roller case. On the other hand, a slightly smaller compressive 11σ  (about 8%) for the rigid 
roller case may be attributed to a slight forward shift of the maximum contact pressure 
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distribution for the rigid roller case (Figure 3.8(b)) compared to those of the elastic roller 
case.  A detailed discussion regarding the comparison of the stress distributions directly 
under the roller center in the –y direction from the top surface of the plate for indentation 
and rolling can be found in [23].  Figure 3.10(b) shows the displacement components 1u  
and 2u  directly under the roller center in the –y direction from the top surface of the 
elastic-plastic plate for rolling as the roller is rolled to the half rolling length for both 
roller models.  The displacement component 1u  for the rigid roller case is slightly higher 
than the elastic roller case due to the slight forward shift of the maximum contact 
pressure distribution for the rigid roller case compared to that for the elastic roller case 
(Figure 3.8(b)).  However, the displacement components  2u  are nearly the same for both 
cases.   
Figure 3.11(a) shows a comparison of the residual stresses distributions in the –y 
direction from the top surface of the plate after the roller load is removed for both roller 
cases.  The residual stress distributions for both roller cases are nearly identical.  The 
values of the residual stresses at the contact surface for both roller cases are about the 
same except a slightly (2%) higher peak subsurface compressive residual stress 
components 11σ  and 33σ  for the rigid roller case when compared to that for the elastic 
roller case.  The residual stress components 12σ  and 22σ  have very small values near the 
surface for both cases.  These small values could not be shown clearly in Figure 3.11(a) 
due to the scale of the figure.  Figure 3.11(b) shows the residual displacement 
components 1u  and 2u  in the –y direction from the top surface of the plate for both roller 
cases after the roller load is removed.  The residual value of the displacement component 
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1u  for the rigid roller case is higher than that for the elastic roller case.  This may be 
attributed to the accumulation due to a slight forward shift of the maximum contact 
pressure distribution for rolling for the rigid roller case when compared to that of the 
elastic roller case (Figure 3.8(b)).  The residual values of the displacement components  
2u  are nearly the same for both cases.  In summary, there are no significant differences 
for the residual stresses distributions due to rolling for both roller models at very high 
rolling loads and the rigid roller model can be used to obtain the residual stresses in 
rolling simulations at very high rolling loads to save computational time.  
 
3.5.  Conclusions 
In this paper, the differences of the residual stresses due to rolling in a finite 
elastic-plastic plate by rigid and elastic deformable rollers at very high rolling loads are 
investigated by two-dimensional plane strain finite element analyses using ABAQUS.  In 
the finite element analyses, the rollers are modeled both as rigid and linear elastic, and 
have frictionless contact with the elastic-plastic finite plate.  The plate material is 
modeled as an elastic-plastic power-law strain hardening material with a non-linear 
kinematic hardening rule for loading and unloading.  Two new numerical schemes are 
developed to represent the elastic roller to model the indentation and rolling.  The results 
of the contact pressure and subsurface stress distributions from the two numerical 
schemes are almost identical. For both roller models, the computational results show that 
the contact pressure and subsurface stress distributions in the elastic-plastic plate are 
similar for both indentation and rolling at high rolling loads with extensive plastic 
deformation.  The computational results also indicate that the residual stresses after 
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rolling are nearly the same for both roller models.  The computational results suggest that 
the rigid roller model can be used to obtain the residual stresses in rolling simulations at 
very high rolling loads without sacrificing the accuracy.    
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Figure 3.1. A schematic of a two-dimensional model of a flat plate rolling process. The 
roller is assumed to be both rigid and linear elastic, and the contact between the roller and 
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Figure 3.2. (a) A two-dimensional finite element model of an elastic cylinder rolling on a 
finite flat plate, (b) a detailed view of the loading and boundary conditions (BC-1) of the 
elastic roller, and (c) the Mises stress distribution of the roller for single indentation and 
rolling to examine the effect of the boundary conditions applied at the roller center L and 
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Figure 3.5. (a) Contact between two elastic cylinders, (b) contact between an elastic roller 










































































































Figure 3.6. Comparison of the results from the finite element analysis and the elastic 
Hertzian solution for contact between the elastic plate and the elastic roller. (a) The stress 
distributions in the –y direction from the top surface for single indentation and (b) a 
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Figure 3.7. The contact pressure distributions on the plate surface based on the elastic 
Hertzian solution and the results of the elastic finite element analysis with a fine plate 
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Figure 3.8. Comparison of the contact pressure distributions from the elastic-plastic finite 
element analyses with both roller models for (a) single indentation and (b) rolling based 
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Figure 3.9. (a) The stress distributions and (b) the displacement components 1u  and 2u  in 
the –y direction from the top surface of the elastic-plastic plate for single indentation by 
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Figure 3.10. (a) The stress distributions and (b) the displacement components 1u  and 2u  
in the –y direction from the top surface of the elastic-plastic plate for rolling at the half 
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Figure 3.11. (a) The residual stress distributions and (b) the residual displacement 
components 1u  and 2u  in the –y direction from the top surface of the elastic-plastic plate 






Chapter 4                                                                                                                 
Effects of High Rolling Loads on Residual Stress Distributions in a Rectangular Bar 
 
4.1.  Introduction 
In roller burnishing or deep rolling, a rolling element, which can be a roller as 
well as a ball, is pressed and rolled against the surface of a work piece. During the rolling 
process, the material under the roller is loaded into plastic range.  Once the rolling load is 
removed, compressive residual stresses are induced.  Rolling improves surface finish and 
compressive residual stresses by retarding surface or subsurface crack growth of the 
components under cyclic loading conditions. In this paper the terms "deep rolling" and 
"roller burnishing" will be used interchangeably even though the terminology "deep 
rolling" and "roller burnishing" found in the literatures may represent different purposes 
with the former for the purpose of inducing large plastic deformation and then residual 
stresses in near-surface layers in contrast to the later which is usually applied with much 
lower forces and mostly aims to obtain a better surface quality in terms of roughness [1]. 
In recent publications on the roller burnishing or deep rolling, researchers were 
more focused on the need for a reliable finite element analyses that can be used to 
provide a fundamental understanding of the mechanics as well as to understand various 
parameters effect on the residual stresses in a work piece [2-7].   Sartkulvanich et al. [4] 
conducted finite element analyses of hard roller burnishing to show the effects of the 
process parameters upon surface finish and residual stresses.  They have used a spherical 
rigid ball of diameter 6 mm with the maximum burnishing pressure of 40 MPa or about 
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970 N.  Their results show that the burnishing pressure has the most influence, where a 
high burnishing pressure produces less roughness and more compressive residual stress at 
the surface.  Wu et al. [5] investigated the variation of the residual stresses through the 
thickness of rolled sheets as a function of the size of the roller relative to the thickness of 
the sheet both experimentally and numerically for cold-rolled α -brass sheets.  Klocke et 
al. [6] examined the influence of processing and geometry parameters on the surface 
layer state after roller burnishing of IN718.  In their investigation the ball diameter, 
pressure and specimen thickness varied from 3 to 13 mm, 50 to 250 bar and 1 to 20 mm, 
respectively.  Their measurement results show that the rolling pressure influences the 
amount and depth of induced residual stresses and strain hardening.  Also, with a 
decreasing thickness, the residual stresses on the surface change from compressive to 
tensile stresses.  Prabhu et al. [7] investigated the influence of deep cold rolling (DCR) 
and low plasticity burnishing (LPB) on surface hardness and surface roughness of AISI 
4140 steel.  In their study, the ball diameter and force were in the range of 6 to10 mm and 
100 to 750 N, respectively.  Their results showed that by using LPB process the surface 
hardness has been improved by 167% and by using DCR process, the surface hardness 
has been improved by 442%.  Their study also showed that the force, ball diameter, 
number of tool passes and initial roughness of the work piece are the most pronounced 
parameters, which have significant effects on the surface of the work piece during the 
deep cold rolling and LPB processes. 
Numerous studies were conducted to understand the stress distributions and 
deformation patterns near rolling contact surfaces [8-21].  A brief discussion of these 
works can be found in [22].  Most researchers used the moving Hertzian pressure 
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distribution to represent the contact pressure for rolling with kp0  ratios ranging from 5 
to 9, where 0p  is the maximum Hertzian pressure and k  is the shear yield stress of the 
material.  Ali and Pan [22] investigated the differences between the residual stresses 
distributions due to single indentation and rolling by a rigid roller on a finite plate under 
plane strain conditions with very large contact pressure that are relevant to the crankshaft 
rolling process with the high kp0  ratio of about 22.  The computational results for the 
rolling case show a significantly higher longitudinal compressive residual stress and a 
lower out-of-plane compressive residual stress along the contact surface when compared 
to those for the single indentation case.  Their investigation is further extended to 
examine the effect of an elastic deformable roller on the residual stress distribution due to 
rolling under plane strain conditions at very high rolling loads [23]. The computational 
results indicate that the residual stresses after rolling are nearly the same for both roller 
models and the rigid roller model can be used to obtain the residual stresses in rolling 
simulations at very high rolling loads without sacrificing the accuracy.  Chaise and Nélias 
[24] investigated the contact pressure and residual strain in three-dimensional elastic-
plastic rolling contact for a circular or elliptical point contact. They have used the vertical 
loading and unloading of an elastic ceramic ball of diameter 9.525 mm over an elastic-
plastic flat surface with a normal force of 1150 N applied on the ball that corresponds, in 
the elastic case, to a Hertzian pressure of 5.7 GPa. They have considered the bodies in 
contact are semi-infinite. Their results show that the effective contact pressure and 
subsequent residual strains are strongly dependent on the contact geometry in the elastic-
plastic regime.  
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Furthermore, it is important to realize that compressive residual stresses are 
largely dependent on the rolling loads, component material and boundary conditions.  
The current investigation is aimed to quantify the differences between the residual 
stresses distributions in a finite rectangular bar due to very large contact pressures from 
two different rolling loads.  The rolling parameters for this investigation includes smaller 
roller radius, high rolling loads (with kp0  ratio of about 12.5 to 15 with the rigid roller 
assumption), and finite rectangular bar dimensions.  Therefore, a thorough investigation 
is required to understand the residual stresses due to rolling using three-dimensional finite 
element analyses.  In this paper, a three-dimensional prismatic bar with a rectangular 
cross section is used for rolling simulations with the appropriate boundary conditions.  
The roller is assumed to be rigid and the roller rolls on the flat surface of the bar with a 
low coefficient of friction.  Based on the findings in [23], the load or stress distributions 
for rigid roller should not be significantly different than those for elastic roller at very 
high rolling loads.  The bar material is modeled as an elastic-plastic strain hardening 
material with a non-linear kinematic hardening rule of ABAQUS [25] for loading and 
unloading.  Effects of the two rolling loads with the material data variability are 
investigated.  A single pass rolling is simulated.  The longitudinal residual stress 
distributions in the bar along the width and the thickness directions are compared for both 
rolling loads. Also, the longitudinal residual stress distributions in the vertical direction 
(thickness) are then compared with the measurement data.  Finally, some conclusions 




4.2.  Experiments 
In this paper, the details of the results of finite element analyses for a roll 
burnishing experiment conducted at Caterpillar are presented.  Therefore, a brief review 
of the roll burnishing experiment is first presented in this section [26].  Figure 4.1(a) 
shows a schematic of the experimental setup for conducting a burnishing experiment on a 
rectangular bar of a gray cast iron.  Figure 4.1(b) shows a schematic of the gray cast iron 
bar.  The length, width and thickness of the rectangular bar are 200 mm, 20 mm and 18 
mm, respectively. The longitudinal edges on the rolling surface of the bar are chamfered 
(< 0.5 mm).  Samples are prepared within a tolerance of ± 5 microns.  Figure 4.1(c) 
shows a front view of the experimental setup with a gray cast iron bar as marked.  Figure 
4.1(d) shows a closeup view of the roller.  The diameter of the steel roller is 25.4 mm.  
As marked in Figure 4.1(a), the load is applied to the roller by an Instron testing machine.  
As indicated in Figure 4.1(a), the rectangular bar freely sits inside a rectangular slot of 
the bottom platen that supports the bar. The bottom platen along with the rectangular bar 
is pushed to the opposite of the rolling direction using a hydraulic rod.  The samples were 
rolled up to 90% or 180 mm of the total bar length of 200 mm.  The burnishing/rolling 
was by force controlled with two rolling loads at a low roller burnishing (LRB) with 60 
kN load and a high roller burnishing (HRB) with 90 kN load.  The rolling speed is about 
9 mm/sec with single pass rolling.  The rolling loads used for this investigation were to 
obtain given changes of the sample thickness that corresponds to typical dimension 
changes applied by roller burnishing on large casting components to satisfy the 
requirements of the surface finish and dimensional tolerance.  
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Figure 4.2 shows SEM images of graphite morphologies and microstructures of 
NRB (No Roll Burnishing), LRB (Low Roll Burnishing) and HRB (High Roll 
Burnishing) samples.  At a lower magnification (200x), it appears that HRB load has 
induced cracks at some of the graphite flake tips as marked by region A in Figure 4.2(c).  
However, the images of inserts at higher magnifications and a chemical analysis showed 
that they are indeed graphite flakes.  This confirms that no significant microstructure 
damage was done due to the HRB load used for roller burnishing in this investigation. 
Figure 4.3 shows a four-point bending fatigue test setup.  Four-point bending 
fatigue tests were conducted for the following five categories of samples: (i) NRB (No 
Roll Burnishing), (ii) LRB (Low Roll Burnishing), (iii) HRB (High Roll Burnishing), (iv) 
LRB samples that were stress relieved at 500 oC for 50 hrs and v) NRB samples that were 
stress relieved at 500 oC for 50 hrs. The goal of the fatigue tests was to compare the 
fatigue lives of about 1 million cycles for 5 categories of samples for a given load for all 
samples.  The samples were continuously monitored and a failure is determined when the 
black spots started to appear on ZnO paste as an indicator of surface cracks.   
Figure 4.4 shows the fatigue life data obtained from bending tests for 5 categories 
of samples.  The fatigue test results show that the mean life (cycles to failure) for the 
NRB and HRB samples are nearly the same and is about 0.4 million cycles. On the other 
hand, the mean life (cycles to failure) for the LRB samples is about 4.3 million cycles.  
The fatigue test results indicate that the low roller burnishing load (60 kN) improves the 
fatigue life by almost 10 times than the non-roll burnishing case.  However, it appears 
that the high roll burnishing load does not improve the fatigue life compared to the no roll 
burnished samples. Moreover, after the residual stress of the LRB samples are relieved, 
119 
 
both the "stress relieved LRB" and NRB samples show almost similar mean fatigue life. 
A set of "stress relieved NRB" samples are also tested and showed almost similar mean 
lives as those of the NRB samples. 
Figures 4.5(a) and 4.5(b) show the top surfaces of the roll burnished samples after 
fatigue tests with applications of ZnO paste and penetrating dye, respectively.  All broken 
or unbroken roller burnished samples showed multiple cracks on the rolled surfaces after 
fatigue tests.  The cracks seemed to have either initiated or have grown noticeably at a 
location few millimeters away from the edges. This observation is also found to be 
consistent with the results of three dimensional finite element simulations as will be 
discussed later.  Figure 4.6 shows the top surface of NRB samples after fatigue tests with 
applications of ZnO paste and penetrating dye, respectively.  All the NRB samples show 
failure initiation from the chamfered edges and a single dominating crack.  Figure 4.7 
shows the top surface of stress-relieved LRB samples after fatigue tests with application 
of ZnO paste.  Unlike the LRB and HRB samples where multiple cracks were observed, 
the stress-relieved LRB samples have only single dominating crack for each sample 
similar to that shown in the NRB samples. 
Figure 4.8 shows the longitudinal residual stress measurements based on the X-
ray diffraction along the centerline of the rolled surface to the subsurface of the bar in the 
thickness direction for various samples.  As shown in the figure, for NRB samples, there 
was some compressive residual stress on the surface but disappear quickly in the 
subsurface.  The longitudinal residual stress data show that the LRB samples have the 
highest compressive residual stresses compared to those of the HRB samples in the 
subsurface.  This is consistent with that of the fatigue test results discussed earlier. 
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However, a detailed finite element analysis will follow shortly to further investigate the 
findings.  It is also found that the compressive residual stress increases from the surface 
to the subsurface at least up to a depth of 250 microns for LRB and HRB samples. 
The average thickness changes of the LRB and HRB samples are 45±5 and 95±10 
micrometers, respectively.  Figure 4.9 shows the bowing of the bar due to the roller 
burnishing.  In the figure, the bottom surface of the bar was the rolled surface.  The bar 
was held to visualize the bowing for measurement convenience.  Depending on the 
magnitude of a rolling load, plastic deformation occurs on the rolled surface and in the 
subsurface and thus causing the bowing of the bar.  The bar bowing measured by the 
displacement for the bottom surface from one end to the other as shown in Figure 4.9 for 
a HRB sample. The average bowing displacements of HRB and LRB samples are 2.79 
and 2.38 mm, respectively. 
 
4.3.  Modeling procedures 
Three-dimensional finite element analyses were conducted to investigate the 
effects of the burnishing loads on the residual stress distributions in these rectangular bars 
after the burnishing or rolling.  Figure 4.10(a) shows a schematic of a rectangular bar 
rolling process. The x-y-z coordinate system is also shown. The roller is assumed to be 
rigid [23] and the roller rolls on the flat surface of the bar with a coefficient of friction 
( µ ) of 0.01.  Initially, the roller is sitting on the starting position of the bar at 10 mm 
from the left end.  Then the roller is moved down with a given load.  The roller is then 
moved horizontally in the rolling (z) direction by applying both a translation and rotation 
to the roller center.  After traveling a rolling length of 180 mm before reaching the right 
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end, the roller is moved up and the rolling is completed.  The diameter of the roller is 
25.4 mm.  The length, width and thickness of the rectangular bar are 200 mm, 20 mm and 
18 mm, respectively. The rolling starts on the upper surface from the plane of z = 10 mm 
and the rolling ends at the plane of z = 190 mm.  Similar to the experiment, two 
burnishing loads are applied to the roller burnishing simulations: a low roller burnishing 
(LRB) load of 60 kN and a high roller burnishing (HRB) load of 90 kN. The details of 
applying the rotation and translation to the roller can be found in [22].   
Figure 4.10(b) shows a half three-dimensional finite element model of the 
rectangular bar for rolling simulations with the appropriate boundary conditions.  For the 
finite element model, the displacement in the x direction of the symmetry plane is set to 
be zero. The displacement of the bottom surface is constrained in the y direction and 
released after the rolling is completed. The displacement of the right face is constrained 
in the z direction and released after the rolling. The finite element analyses were 
performed using the commercial finite element code ABAQUS/standard implicit solver.  
The Cartesian coordinate system is also shown in the figure.  Three-dimensional fully 
integrated 8-noded (C3D8) elements of size of 0.5 mm by 0.5 mm by 0.5 mm (Mesh-1) 
were used in this model for a preliminary finite element analysis.  Three-dimensional 
reduced integrated 8-noded (C3D8R) elements were also used. However, the 
computations using the reduced integrated 8-noded elements converged very slowly and 
the results were not reported here.  In general, the trends of the results based on C3D8 
and C3D8R elements are consistent. ABAQUS also provides "selectively reduced" 
integration for fully integrated lower-order elements where the reduced integration is 
used for the volume strain and the full integration for the deviatoric strains. As a 
122 
 
consequence, the lower-order elements give an acceptable performance for approximately 
incompressible behavior [25].  As a starting point, the selection of the sizes of the finite 
elements to simulate rolling follows the guidelines that were reported in Ali and Pan [27].  
A detailed mesh refinement study will be discussed later.   
Figure 4.11(a) shows experimental compressive stress-strain curves for the gray 
cast iron.  Since the material under rolling is subject to compression, the experimental 
compressive stress-strain curve is used for the input of the stress-strain curve for the finite 
element analyses. The experimental compressive stress-strain data are only available for a 
limited range of strains.  However, for the rolling simulations of our interest, a relatively 
large range of strains needs to be provided for the stress-strain curve for the input of the 
finite element analyses.  According to common practice, two stress-strain curves for the 
current investigation are assumed based on a straight line extension beyond the last test 
data point ('MAT1') and a power-law extension ('MAT2').  'MAT1' can be considered as a 
perfectly plastic material whereas 'MAT2' represent a typical power-law strain-hardening 
material when the plastic deformation becomes large. Figure 4.11(b) shows the two 
stress-strain curves used in the finite element analyses based on the available 
experimental compressive stress-strain curve.   
The nonlinear kinematic hardening rule of the ABAQUS is assumed based on the 
compressive stress-strain curves shown in Figure 4.11(b).  The nonlinear kinematic 
hardening rule in ABAQUS is based on the pressure-insensitive Mises yield function.  
For the unloading/reloading process, the yield function can be expressed as 









 ′−′′−′=− σασασσασ ijijijijijijf  (4.1) 
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where ijσ  is the stress tensor, ijσ ′  is the deviatoric stress tensor, ijα  represents the center 
of the yield surface, ijα ′  is the deviatoric part of ijα , and 
0σ  represents the size of the 
yield surface.   Here, 
ij
σ ′  and ijα ′ are defined, respectively, as  
ijkkijij δσσσ 3
1
−=′  (4.2) 
ijkkijij δααα 3
1
−=′  (4.3) 
where 
ij
δ  is the kronecker delta.    
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where pijε&  represents the plastic strain rate tensor and 
pε&  is the equivalent plastic strain 
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In ABAQUS, the nonlinear kinematic hardening rule is defined to be an additive 
combination of a purely kinematic term of the Ziegler linear hardening law and a 










where 0σ  is constant and represents the size of the initial yield surface, ijα  represents the 
center of the yield surface, and C  and γ  are material parameters that must be calibrated 
from cyclic test data.   Here, C  is the initial kinematic hardening modulus and γ  
determines the rate at which the kinematic hardening modulus decreases with increasing 
plastic deformation.   When C  and γ  are zero, the model reduces to the isotropic 
hardening rule.   When γ  is zero, the Ziegler linear hardening law is recovered.  Note 
that, for the nonlinear kinematic hardening rule of ABAQUS, the option of "HALF 
CYCLE" for data type was adopted in order to use the cyclic stress-strain curve of the 
material as the input stress-strain data [25].  It should be noted that, in ABAQUS, the 
built-in pressure-sensitive material model such as Cast iron plasticity and Drucker-Prager 
models are only limited to monotonic loading conditions. For the current investigation, 
there is a potential for plastic reloading after the rolling is completed [27] and hence these 
ABAQUS built-in material models may not be suitable for the current investigation.  
However, a user-material subroutine such as that in Choi et al. [28] to incorporate the 
pressure dependency and cyclic behavior would have been more appropriate and may be 
a subject of the future research. 
 
4.3.1  Effect of symmetry 
A set of preliminary analyses were conducted to verify the setup and minimize 
size of the finite element models used for all the subsequent analyses.  Due to the 
symmetry of the bar and the rolling load with respect to the y-z plane, a half bar model 
can be used to reduce the model size.  The preliminary analyses were conducted based on 
the material data 'MAT1' and 90 kN rolling load.  A coarse mesh with the element size of 
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0.5 mm by 0.5 mm by 0.5 mm denoted as Mesh-1, was used.  The boundary conditions 
used for the full bar model are the same as those for the half bar model.  As shown in 
Figure 4.10(a) for the full bar model, the displacements on the right face CDLK of the bar 
is constrained in the z direction.  The bottom face BCKJ of the bar is constrained in the y 
direction during the rolling and released later.  As shown in Figure 4.10(b), for the half 
bar model, the displacements on the right face GHLK is constrained in the z direction, the 
symmetric plane EFGH is constrained in the x direction, and the bottom face FGKJ is 
constrained in the y direction during the rolling and released later.  A comparison of the 
residual stresses for the both models show that a half bar model can be used instead of a 
full bar model. 
 
4.3.2  Effects of rolling length   
Another preliminary analysis was to examine the results for a full rolled length 
(equivalent to 14R) and partial rolled lengths (about 2R, 3R, 4R, 5R, 6R, and 8R) where R 
is the roller radius.  The half bar model described above was used.  The rolling loads 40 
kN and 90 kN were used in force controlled loading.  The 40 kN rolling load was chosen 
arbitrarily for the verification purpose only.  For the given models, the residual stresses 
for partially rolled lengths equivalent to and above five times of the roller radius were 
found reasonably comparable to those for a full rolled length.  However, a partial rolled 
length as low as four times of the roller radius still provides acceptable residual stresses.  
It should be noted that the residual stresses used for the comparisons are based on the 
values extracted at the middle length of the rolled distance. These computational results 
are excluded here for brevity. 
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4.3.3  Effect of the boundary conditions on the bottom surface 
Furthermore, two boundary conditions were examined for the bottom face FGKJ 
as shown in Figures 4.12(a) and 4.12(b).  For the boundary condition 'BC DISP'  as 
shown in Figure 4.12(a), the bottom face of the bar is constrained in the y direction 
during the rolling and released later as mentioned earlier.  For the boundary condition 
'BC CONT' as shown in Figure 4.12(b), the bottom face of the bar is in frictionless 
contact with a rigid surface.  For a 90 kN rolling load with the mesh size Mesh-1 and the 
material data 'MAT1', selected longitudinal residual stress distribution are presented and 
compared for the boundary conditions 'BC DISP' and 'BC CONT'.  Figure 4.12(c) shows 
a comparison of the longitudinal residual stresses on the symmetric plane in the thickness 
(-y) direction of the bar for the boundary conditions 'BC DISP' and 'BC CONT'. The 
distributions of the residual stresses are quite similar with slight differences in the 
magnitudes.  Figure 4.12(d) shows a comparison of the longitudinal residual stresses on 
the top surface in the width (x) direction of the bar for the boundary conditions 'BC DISP' 
and 'BC CONT'. The distributions of the residual stress are quite similar and within 5%. 
While the boundary condition 'BC CONT' represents a more realistic boundary condition 
for the bottom face during rolling or burnishing, the boundary condition 'BC DISP' is 
much more convenient to model with computational efficiency for multiple analyses.  
Therefore, a half bar model with rolling distance equivalent to six times of the roller 
radius for the rolling loads of 60 kN (LRB) and 90 kN (HRB) were adopted for the 
subsequent analyses. For these models, the rolling started on the upper surface at z = 10 
mm rather than z = 0 mm (on the edge) to further reduce the computational time. 
Referring to Figure 4.10(b), the bottom face of the bar FGKJ is constrained in the y 
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direction and released after the rolling is completed ('BC DISP'). The right face GHLK of 
the bar is constrained in the z direction and the symmetric plane EFGH is constrained in 
the x direction. 
 
4.3.4  Mesh sensitivity study 
A mesh sensitivity study was conducted to determine a suitable element size for 
the subsequent simulations.  Figure 4.13 shows the four different mesh sizes that are used 
for this mesh sensitivity study.  The coarse mesh, Mesh-1, consists of elements with the 
size of ∆x = 0.5 mm, ∆y = 0.5 mm, and ∆z = 0.5 mm for the top layer and in the middle 
of the bar. This is the mesh size (Mesh-1) used in the preliminary investigations as 
discussed earlier. The intermediate mesh, Mesh-2, consists of elements with the size of 
∆x = 0.13 to 0.25 mm, ∆y = 0.126 mm, and ∆z = 0.2 mm for the top layer and in the 
middle of the bar.  The finest mesh, Mesh-3, is the finest among all the sizes considered 
here and consists of elements with the size of ∆x = 0.1 mm, ∆y = 0.1 mm, and ∆z = 0.1 
mm for the top layer and in the middle of the bar. The fine mesh, Mesh-4, consists of 
elements with the size of ∆x = 0.13 to 0.25 mm, ∆y = 0.126 mm, and ∆z = 0.126 mm for 
the top layer and in the middle of the bar. It should be noted that when the mesh size 
becomes finer, the degree of freedom for the finite element model increases and the 
computational time becomes prohibitively long to complete the analyses within a 
reasonable time for multiple analyses.  Therefore, this mesh sensitivity study is focused 
more on finding a reasonable mesh size that balances between the computational time 
and the accuracy of the results to conduct the subsequent analyses.   
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With the material data 'MAT1' and boundary condition 'BC DISP', both LRB and 
HRB loads are used for this mesh sensitivity study.  For the 60 kN rolling load, Figure 
4.14(a) shows the effect of mesh size on the longitudinal residual stresses on the 
symmetry plane at the half rolled distance in the thickness (-y) direction.  Figure 4.14(b) 
is a zoom-in view of Figure 4.14(a).  For the 90 kN rolling load, Figure 4.15(a) shows the 
effect of mesh size on the longitudinal residual stresses on the symmetry plane at the half 
rolled distance in the thickness (-y) direction.  Figure 4.15(b) is a zoom-in view of Figure 
4.15(a).  Even though the longitudinal residual stress results based on Mesh-1 follow the 
general trend of the four analyses, the magnitudes of the residual stresses on the top 
surface of the bar are significantly different from those based on the other mesh sizes.  
The results based on Mesh-4 compared reasonably well with those based on Mesh-3, 
especially those on the top surface.  Figure 4.16 shows the effect of mesh size on the 
longitudinal residual stresses in the width (x) direction for both rolling loads.  Again, the 
result based on Mesh-4 compared reasonably well with those based on Mesh-3.  It should 
be noted that the computational time for the finite element model based on Mesh-4 is 
relatively shorter with acceptable accuracy. Therefore, the results that will be reported 
later in this paper are based on Mesh-4. 
 
4.4.  Stress distributions due to bar rolling 
4.4.1  Effect of constraint in the width direction 
From Figures 4.14, 4.15 and 4.16, the longitudinal residual stresses for the 90 kN 
rolling load are relatively less compressive or more tensile than those of the 60 kN rolling 
load.  In order to understand the three-dimensional nature of the rolling, the results of the 
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bar rolling with the assumption of plane strain and plane stress conditions in the x 
direction are also examined under the conditions that correspond to the 60 and 90 kN 
rolling loads.  Figure 4.17 shows a comparison of the longitudinal residual stress (σ33) 
obtained from the three dimensional finite element model, and the two-dimensional plane 
strain and plane stress finite element models with the meshes similar to that of the three-
dimensional model for 60 kN rolling load.  Figure 4.17 shows that for the 60 kN rolling 
load, the three-dimensional results are closer to those of under plane strain conditions.  
On the other hand, Figure 4.18 shows a comparison of the longitudinal residual stress 
(σ33) obtained from the three-dimensional finite element model and from the two-
dimensional plane strain and plane stress finite element model for the 90 kN rolling load.  
Figure 4.18 shows that for the 90 kN load, the three-dimensional results near the 
contacting surface are between those under plane strain and plane stress conditions. 
However, the general trend of the distribution obtained from the three-dimensional finite 
element model is still quite similar to that from the two-dimensional plane strain finite 
element model. 
 
4.4.2  Material data variability effect  
 The material test data for the gray cast iron showed a quite significant variability 
of the initial yield stress with more than 5% of Coefficient of Variation or CV for a given 
chemistry specifications.  To investigate the effect of the variability of the material yield 
stress, a "nominal + 3σ" material curve 'MAT2U' for 'MAT2' power law strain hardening 
model is assumed based on the initial yield stress variability with a CV of about 5%.  The 
mean initial yield stress with the 0.2% offset for the compressive stress-strain curves is 
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435 MPa.  The standard deviation is about 22 MPa for a CV of 5%.  Accordingly, the 
initial yield stress for the 'MAT2U' material curve is set to 501 MPa, with 66 MPa added 
to the rest of the stress data points for a given strain based on the 'MAT2' power law 
strain-hardening material curve. This curve represents an upper bound of the material 
data.  A "nominal - 3σ" material curve can be created in a similar way to represent the 
lower bound of the material data.  However, in this investigation the 'MAT1' stress-strain 
curve represents a lower bound of the material data and hence the "nominal - 3σ" 
material curve is omitted.  It should be noted that the standard deviation (variability) of 
the stresses at different plastic strain values are not constant.  However, in this 
investigation a constant standard deviation of stresses based on the initial yield stress is 
used to examine the effect of variability of the material stress-plastic strain curve on 
residual stresses.  Figure 4.19 shows the stress-strain curves of the bar material used in 
the finite element analyses to examine the effect of the material data variability based on 
i) a straight line extension beyond the last test data point ('MAT1'), ii) a power-law 
extension ('MAT2'), and a 'MAT2U' to represent "nominal + 3σ" material data for 
'MAT2' for a material yield limit variability. 
Figure 4.20(a) shows the effect of the material data variability on the longitudinal 
residual stresses in the thickness (-y) direction for the 60 kN rolling load.  Figure 4.20(b) 
is a zoom-in view of Figure 4.20(a).  The measured longitudinal residual stress data based 
on the X-ray diffraction (XRD) technique are also shown along with the results of the 
finite element analyses.  The measurement data trend agree well with those based on the 
'MAT2' power-law strain hardening curve and falls inside the bound of the results of the 
finite element analyses.  Figure 4.21(a) shows the effect of the material data variability on 
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the longitudinal residual stresses in the thickness (-y) direction for the 90 kN rolling load.  
Figure 4.21(b) is a zoom-in view of Figure 4.21(a).  The measured longitudinal residual 
stress data are shown along with the results of the finite element analyses.  For the 90 KN 
rolling load, the results of the finite element analyses show a similar trend as that of the 
measured residual stresses. However, the magnitudes of the predicted stresses on the 
surface are more tensile than the measured residual stresses.  Figure 4.22 shows a 
comparison of the longitudinal residual stresses (σ33) for both rolling loads based on the 
results of the finite element analyses and the measurements.  The qualitative trend of the 
predicted residual stresses also confirm the findings from the measurements that the 90 
kN rolling load results in less favorable (less compressive) residual stresses than the 60 
kN rolling load.  For the 90 kN rolling load, the deviation of the predicted results 
compared to the measurements may be attributed to the significant pressure sensitivity 
effect which is not included in the current investigation [28].   
Figure 4.23 shows the effect of material data variability on the longitudinal 
residual stresses in the width (x) direction for both rolling loads.  For the 60 kN rolling 
load, the longitudinal residual stress increases and then decreases as the distance to the 
edge of the bar increase for 'MAT1', 'MAT2' and 'MAT2U'.  However, for the 90 kN 
rolling load, the trend is still there for 'MAT2U' and 'MAT1', but not for 'MAT2'. It 
should be mentioned that the experimental results indicate that fatigue cracks were 
initiated at the locations near the edges, but not from the edges.  From this viewpoint, the 
'MAT1' stress-strain curve representing a perfectly plastic material gives positive residual 
stress a few millimeters from edges whereas the 'MAT2' curve does not give this trend for 
the 90 kN rolling load. 
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Figure 4.24 shows a comparison of the thickness change of the rolled samples 
based on the results of the finite element analyses and the measurements.  For the 60 kN 
rolling load, the predicted range for the thickness change by the finite element analyses is 
in good agreement with the measurement range.  However, for the 90 kN rolling load, the 
trend of the predicted range for the thickness change by the finite element analyses is in 
agreement with the trend of measurements but the magnitudes are higher than the 
measured values.  This finding indicates that due to the assumption of the hardening rule, 
material data and strain hardening model, the finite element analyses cannot give the 
correct thickness change. Since the 90 kN rolling load results in more plastic strain, 
compressive stress-strain curves cover a larger plastic strain range would be more 
appropriate for future studies. 
A verification analysis is conducted based on the boundary conditions 'BC DISP' 
and 'BC CONT' (Figures 4.12(a) and 4.12(b)) using the stress-strain curve of 'MAT2U' to 
examine the effect of the boundary condition on the longitudinal residual stresses.  Figure 
4.25(a) shows the effect of the boundary condition on the longitudinal residual stresses in 
the thickness (-y) direction.  For the 60 kN and 90 kN rolling loads, the differences of the 
longitudinal residual stress results are within 10% and 15%, respectively, except a few 
locations between 1.6 mm and 4.0 mm close to the contact surface where the residual 
stress value transition from compressive to tensile for the 90 kN rolling load.  Similarly, 
Figure 4.25(b) shows the effect of the boundary condition on the longitudinal residual 
stresses in the width (x) direction.  For the 60 kN rolling load, the differences of the 
longitudinal residual stress results are within 15% except a few locations where the 
residual stress magnitudes are below 50 MPa.  For the 90 kN rolling load, the differences 
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of the longitudinal residual stresses are within 10% up to 6 mm from the middle of the 
bar towards to the edge and there is a slight increase of the differences up to 20% closer 
to the edge.  Overall, the results based on the 'BC DISP' and 'BC CONT' boundary 
conditions are in good agreement. 
Based on the foregoing discussions, in summary, the results of the finite element 
analyses correlated very well with the test data for the 60 kN rolling load.  For the 90 kN 
rolling load the results of the finite element analyses captured the qualitative trend of the 
test data but the predicted residual stresses were relatively less compressive.  
 
4.5.  Discussions 
A few more figures are presented here (Figures 4.26 thru 4.31) to further 
understand the response of the bar model to the 60 kN and the 90 kN loads.  The results 
presented here are based on the stress-strain curve 'MAT2' and the boundary conditions 
'BC DISP'.  Figures 4.26(a) and 4.26(b) show the contours of the contact pressure 
distribution for single indentation and during rolling, respectively.  For the visual 
purpose, a 3X displacement magnification is used and the symmetric half bar model is 
mirrored using the ABAQUS model viewer post-processing software.  For the 90 kN 
load, the contact length in the longitudinal direction is larger than that of the 60 kN load.  
However, for the 90 kN load, the higher contact pressure zone in the width direction is 
relatively shorter than that of the 60 kN load.  Similarly, Figures 4.27(a) and 4.27(b) 
show the distributions of the contact pressure in the longitudinal direction due to single 
indention with the 60 kN and the 90 kN loads, respectively, based on the three-
dimensional, plane strain and plane stress models. For the three-dimensional bar model, 
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the distributions in the middle and along the edge of the bar are shown. As shown in the 
figures, the contact pressures are much higher in the middle for the loads. For the 60 kN 
load, the trend of the contact pressure distribution and the contact length in the middle of 
the three-dimensional bar model is similar to that of the plane strain model.  However, for 
the 90 kN load, the contact length in the longitudinal direction is larger in the middle of 
the three-dimensional bar model than that of the plane strain model.  Figures 4.28(a), 
4.28(b) and 4.28(c) show the contours of the displacement components 1u , 2u  and 3u  
during rolling.  Here, the displacement magnification is kept to 1X.  Figure 4.28(a) shows 
that for the 90 kN load, the displacement 1u  in the width direction of the material on the 
two sides of the bar is larger than that of the 60 kN load.  For the 90 kN load, 
displacement 2u  in the y direction indicating the rise up of material in front of the roller 
is higher than that of the 60 kN load as shown in Figure 4.28(b). For the 90 kN load, the 
displacement 3u  in the longitudinal direction are much higher than that of the 60 kN load. 
Figures 4.29(a), 4.29(b) and 4.29(c) show the contours of the longitudinal stress 
(σ33), vertical stress (σ22), and transverse stress (σ11) components in the bar during rolling 
with the 60 and 90 kN rolling loads.  For the visual purpose, a 3X displacement 
magnification is used for these figures.  The 90 kN load shows a relatively larger 
compressive stress zone in front of the roller that is mostly concentrating in the middle of 
the bar along the width.  These figures show that during rolling, when the roller just 
passes a node, the roller tends to “pull” the material behind the node.  At that time, all the 
stresses components become less compressive, zero or tensile. So the load reversal takes 
place during rolling process.  For the 90 kN load, the indentation depth by the roller 
during rolling is larger than that of the 60 kN load. Due to the finite dimension of the bar, 
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this results in a relatively lower compressive stress behind the roller as the roller ploughs 
through the metal in front of it and that tends to “pull” relatively more material behind it 
as shown in Figures 4.28(c) and 4.29(a).  This may be attributed to the followings: the 
load interaction with the finite dimension of the bar width and bar height may cause the 
90 kN case behave more towards to the plane stress condition; a significant trailing 
tensile stress with yielding behind the roller have caused the loss of favorable 
compressive residual stress for the 90 kN load in this investigation.  This also 
underscores the need to incorporate the effect of pressure sensitivity under cyclic loading 
conditions that may be addressed in the future study.  See ref. [22] for further discussion 
on stress distribution during rolling.   
Figures 4.30(a) and 4.30(b) show the contours of the residual Mises stress and the 
residual longitudinal stress (σ33) at the cross section of the bar after rolling is completed. 
Here, the displacement magnification is kept to 1X.  In Figure 4.30(b), the legend of the 
contour is set such that the gray color represents the zone of the residual longitudinal 
stress (σ33) that is tensile and the value is greater than zero.  For the 90 kN load, almost 
the entire rolled surface and a larger portion of the cross section has tensile residual 
longitudinal stress (σ33), when compared to the 60 kN load. The results qualitatively 
indicates the reason for better fatigue lives for 60 kN samples than that of the 90 kN 
samples under four-point bending fatigue tests as shown in Figure 4.4.  
Figure 4.31 shows the history of the equivalent plastic strain (PEEQ) for both 60 
kN and 90 kN rolling loads at a node located at the top surface and at the symmetry plane 
of the bar model.  At this node the shear stresses are zero (or negligible due to deformed 
shape effect) and the normal stress components are the principal stress components.  For 
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both rolling load cases, the equivalent plastic strain continues to increase after the rolling 
load is decreased from the peak value which may indicate plastic reloading takes place 
after the peak rolling load in the current investigation.  Figure 4.32 shows a 3-D line 
graph to depict the history of the principal stresses of the above mentioned node during 
and after rolling is completed.  This figure is again confirming the findings in Figures 
4.29(a) and 4.30(b) that for the 90 kN load, the principal stress components at the node 
become relatively more tensile than that of the 60 kN load. 
 
4.6.  Conclusions 
In this paper, residual stress distributions in a rectangular bar due to rolling or 
burnishing at very high rolling or burnishing loads are investigated by three-dimensional 
finite element analyses using ABAQUS.  First, a roll burnishing experiment conducted at 
Caterpillar with residual stress measurements are briefly reviewed.  In the corresponding 
finite element analyses, the roller is modeled as rigid and the roller rolls on the flat 
surface of the bar with a low coefficient of friction.  The bar material is modeled as an 
elastic-plastic strain hardening material with a non-linear kinematic hardening rule for 
loading and unloading.  For rolling loads with extensive plastic deformation, the 
computational results showed that a higher rolling load does not necessarily always 
produce higher compressive residual stresses in the desired regions of the bar. The 
computational results also showed that the longitudinal residual stresses are sensitive to 
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Figure 4.1. Schematics of (a) the experimental setup for rolling a rectangular bar, (b) a 
rectangular bar, (c) a front view of the experimental setup, and (d) a close-up view of the 
roller. 
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Figure 4.2. SEM images showing morphologies and microstructures of (a) NRB (No Roll 
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Figure 4.5. Roll burnished samples after fatigue tests with applications of (a) ZnO paste 
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Figure 4.8. Longitudinal residual stress measurements along the centerline of the rolled 
























































































Figure 4.10. (a) A schematic of a rectangular bar rolling process and (b) a half three-










































































Straight line extension assumption (MAT1)







Figure 4.11. (a) The experimental compressive stress-strain curves for the gray cast iron 
and (b) the stress-strain curves used in the finite element analyses based on the extensions 
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Figure 4.12. The boundary conditions (a) 'BC DISP' and (b) 'BC CONT' on the bottom 
face of the bar, and the longitudinal residual stresses (c) in the thickness (-y) direction on 
the symmetry plane and (d) in the width (x) direction of the bar at the half rolled length 


















































Figure 4.13. Different mesh sizes used for the mesh sensitivity study. All sizes are 
expressed in mm. 
 
Mesh-2: Intermediate mesh element size 
for the top layer and in the middle of the 
bar, ∆x = 0.13 to 0.25, ∆y = 0.126, ∆z = 0.2 
Mesh-1: Coarse mesh element size 
for the top layer and in the middle of 
the bar, ∆x = 0.5, ∆y = 0.5, ∆z = 0.5 
Mesh-3: Finest mesh element size 
for the top layer and in the middle of 
the bar, ∆x = 0.1, ∆y = 0.1, ∆z = 0.1 
Mesh-4: Fine mesh element size for the 
top layer and in the middle of the bar, 
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Mesh-1 (vertical) 60kN 
Mesh-2 (vertical) 60kN 
Mesh-3 (vertical) 60kN 
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Figure 4.14. (a) The effect of mesh size on the longitudinal residual stresses in the 
thickness (-y) direction for the 60 kN rolling load and (b) zoom-in view of (a). 
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Mesh-1 (vertical) 90kN 
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Mesh-3 (vertical) 90kN 
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Figure 4.15. (a) The effect of mesh size on the longitudinal residual stresses in the 
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Figure 4.16. The effect of mesh size on the longitudinal residual stresses in the width (x) 
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Plane strain - 60kN 




Figure 4.17. A comparison of the longitudinal residual stresses (σ33) obtained from the 
three-dimensional finite element model and the two-dimension plane strain and plane 
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Figure 4.18. A comparison of the longitudinal residual stress (σ33) obtained from the 
three-dimensional finite element model and the two-dimensional plane strain and plane 
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Figure 4.19. The stress-strain curves of the bar material used in the finite element 
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Figure 4.20. (a) The effect of the material data variability on the longitudinal residual 
stresses (σ33) in the thickness (-y) direction for the 60 kN rolling load and (b) zoom-in 
view of (a). 
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Figure 4.21. (a) The effect of the material data variability on the longitudinal residual 
stresses (σ33) in the thickness (-y) direction for the 90 kN rolling load and (b) zoom-in 
view of (a) 
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Figure 4.22. A comparison of the longitudinal residual stresses (σ33) in the thickness (-y) 
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Figure 4.23. The effect of the material data variability on the longitudinal residual 
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Figure 4.24. A comparison of the results of the finite element analyses with the 
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Figure 4.25. Effect of the boundary conditions on the longitudinal residual stress in the 




































Figure 4.26. The contours of the contact pressure distribution for (a) a single indentation 
and (b) during rolling with the 60 and the 90 kN rolling loads. The displacement 
magnification is 3X and the symmetric half bar model is mirrored for visual purpose. 
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Figure 4.27. The distributions of the contact pressure due to single indention with the (a) 
60 kN and (b) 90 kN loads based on the three-dimensional, plane strain and plane stress 


















Figure 4.28. The contours of the displacement components (a) 1u , (b) 2u , and (c) 3u  
during rolling under 60 and 90 kN rolling loads. 
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Figure 4.29. The contours of the (a) longitudinal stress (σ33), (b) vertical stress (σ22), and 
(c) transverse stress (σ11) components during rolling with 60 and 90 kN rolling loads. A 
displacement magnification 3X is used for visual purpose. 
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Figure 4.30. The contours of the (a) residual Mises stress and (b) residual longitudinal 
stress (σ33) at the cross section of the bar after rolling is completed. 
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Figure 4.31. The history of equivalent plastic strain (PEEQ) at a node located at the top 
surface and at the symmetry plane of the bar model for both rolling loads.  
60 kN Load 











































Figure 4.32. History of the principal stresses of a node at symmetry plane and at top 
surface of the bar is shown in a 3-D line graph – during and after rolling is completed. 
Material data 'MAT2' is used. 
 






































Chapter 5                                                                                                                
Computational Models for Simulations of Lithium-Ion Battery Cells under 
Constrained Compression Tests 
 
5.1.  Introduction 
Lithium-ion batteries have been considered as the solution for electric vehicles for 
the automotive industry due to its lightweight and high energy density. The major design 
considerations of lithium-ion batteries involve electrochemistry, thermal management 
and mechanical performance. The electrochemistry has been widely studied since it 
directly determines the battery performance and its life cycle. Different active materials 
on electrodes give different types of lithium-ion batteries. However, the basic chemical 
reactions of the cells are similar. For automotive applications, the mechanical 
performance is of great importance for crashworthiness analyses. Various research works 
have been focused on the chemical stability under impact, punch, nail penetration, and 
extreme temperatures [1-5]. However, the research works related to the mechanical 
behavior of lithium-ion batteries and the corresponding computational modeling are very 
limited.   
Several research works were conducted to understand and model the phenomena 
related to diffusion or intercalation induced stresses, cracking, debonding, and effect of 
coating due to reaction in lithium-ion batteries [6-13]. These research works are mainly 
focused on electrodes or separators and understandably do not cover the global 
mechanical behavior of battery cells and modules. Sahraei et al. [14] conducted a series 
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of tests and mechanical modeling on commercial LiCoO2/graphite cells used for cell 
phones. The results indicate that the compressive mechanical behavior is characterized by 
the buckling and densification of the cell components. Other testing and modeling data 
available were also conducted on commercial LiCoO2 cylindrical or prismatic battery 
cells [15, 16]. However, this information is of limited use for researchers to model the 
mechanical performance of automotive high-voltage LiFePO4 battery cells and modules 
for crashworthiness analyses.   
Sahraei et al. [14] indicated that computational effort is quite significant to model 
local buckling phenomenon of battery cells under in-plane compression. Therefore, 
macro homogenized material models of the representative volume elements (RVEs) for 
both the battery cells and modules have to be developed for crashworthiness analyses 
with sacrifice of the accuracy at the micro scale.  Other than dealing with the multi-
physics problem, one of the challenges of developing the computational models for the 
battery behavior is to deal with different models at different length scales as indicated in 
[14].  Therefore, understanding the basic mechanical behavior of the lithium-ion batteries 
for automotive applications is very important to develop macro homogenized material 
models for representative volume elements (RVEs) of cells and modules for efficient 
crashworthiness analyses.  
Recently, Lai et al. [17] investigated the mechanical behaviors of lithium-iron 
phosphate battery cells and modules by conducting tensile tests of individual cell and 
module components, constrained compression tests of RVE specimens of dry cells and 
modules, and a punch test of a small-scale dry module specimen.  Their results of in-
plane tensile tests of the individual cell components indicate that the active materials on 
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electrodes have a very low tensile load carrying capacity. For in-plane constrained 
compression tests of cell RVE specimens, the results indicate the load carrying behavior 
of cell RVE specimens is characterized by the buckling of cells with a wavelength 
approximately in the order of the thickness of the cells and the final densification of the 
cell components. They also tested module RVE specimens with different heights and the 
results indicate that the load carrying behavior of module RVE specimens is also 
characterized by the buckling of cells with a wavelength approximately in the order of the 
thickness of the cells and the final densification of the module components but relatively 
independent of the height of the tested specimens.  In addition, they investigated the 
effects of adhesives between cells and foam/aluminum heat dissipater sheets on the 
mechanical behavior of module RVE specimens.  The results indicate that the adhesive 
slightly increases the compressive load carrying capacity of the module RVE specimens.  
Their SEM images of the active materials on electrodes and the results of in-plane 
compressive and out-of-plane compressive tests suggest the total volume fraction is up to 
40% for the microscopic gaps between cell components and the porosity of the separators 
and the active materials on electrodes.  Based on the compressive nominal stress-strain 
curves in the in-plane and out-of-plane directions, their work suggests that the lithium-ion 
battery cells and modules can be modeled as anisotropic foams or cellular materials.  
The current study is focused on developing the computational models for 
simulations of RVE specimens of lithium-ion battery cells under in-plane constrained 
compression tests based on the work of Lai el al. [17] and then comparing the 
computational results with those of the tests. Figure 5.1 shows a schematic view of the 
approaches of the developments of the computational models. Two approaches are used 
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for the modeling of these battery cells and modules: a detailed model (micro approach) 
and a less detailed model (macro approach). This investigation will focus on the detailed 
modeling of a cell RVE specimen of lithium-ion batteries. In the detailed model, the 
pouch cell battery is modeled as a layered composite and the RVE material nominal 
stress-strain response is obtained based on the properties of the cell components of 
layered anode, cathode, separator and active sheets. The less detailed models were 
investigated in a companion study [18] to address the length scale issue in mechanical 
modeling of the batteries. In those less detailed models, a small-scale battery module was 
considered as a homogenized material based on the response of the physical testing of the 
module RVE specimens [17]. Both approaches are useful to investigate the mechanical 
behavior of lithium-ion pouch cell batteries and modules. 
The purpose of this detailed model investigation is twofold: one is to enhance 
understanding of the mechanical behavior of lithium-ion battery cells used for automotive 
applications and the other is to pave the groundwork for the development of user material 
models to represent the battery cells and modules by homogenized materials which are a 
subject of the future research. Finite element models can be used to simulate the tensile 
tests for multi-layered cell and module RVE specimens. However, a simple estimation 
scheme for tensile behavior is presented in [17] based on the rule of mixture (ROM) for 
composite and thus the tensile behavior of battery cells will not be addressed here. In this 
investigation, the compressive behavior of cell RVE specimens under quasi-static in-
plane compression tests is investigated using the ABAQUS explicit finite element solver 
[19]. In this paper, the experimental results for cell RVE specimens under in-plane 
compression tests are first reviewed briefly for understanding the physical deformation 
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pattern of the porous cell RVE specimens. Next, the Gurson’s model for porous material 
is presented for characterization of the separator and the electrodes with the active 
materials. Then the available material data are discussed and adopted for the input of the 
computational model. The details of the computational model are presented. The 
computational results of the deformation pattern and nominal stress-strain behavior are 
then compared with the test results. Based on the computational model, the effects of the 
friction coefficient between the cell components and the constrained surfaces on the 
deformation pattern, plastic deformation, void compaction, and the load-displacement 
curve are examined. The usefulness of the computational model is then presented by 
further exploring the effects of the initial clearance and biaxial compression on the 
deformation patterns of cell RVE specimens. Finally, some conclusions are made.  
 
5.2.  Experiments 
A detailed description of the structure of a lithium-ion battery module used for 
this investigation can be found in [17].  Also note that the following definitions will be 
used throughout the paper. A Single unit cell represents a basic cell containing one 
cathode, one anode and a separator sheet with two aluminum cover sheets with two 
accompanying separator sheets. A Ten unit cell consists of ten basic cells containing ten 
cathode, ten anode, twenty one separator and two aluminum cover sheets. In this 
investigation, the ten unit cell is considered as a general cell RVE specimen that 
represents a typical assembled pouch cell. 
Each cell consists of five major components: cover sheet, anode, cathode, 
separator and electrolyte. Since the electrolyte is difficult to handle during assembly due 
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to the safety concern, all the cell and module RVE specimens tested in this study were 
made without electrolyte at the University of Michigan. Figure 5.2(a) shows a schematic 
of a pouch cell with two cover sheets and a cell RVE specimen with the x-y-z coordinate 
system. A cell RVE specimen with the dimensions is shown in Figure 5.2(b). The pouch 
cell has a layered structure as schematically shown in Figure 5.2(b). The z-coordinate is 
referred to as the out-of-plane coordinate whereas the x and y coordinates are referred to 
as the in-plane coordinates. Constrained compression tests were conducted for cell RVE 
specimens with the dimension of 25 mm x 25 mm x 4.642 mm. The details of the test 
setup and results of the in-plane constrained compression tests are discussed in [17] and 
are briefly reviewed in the following.  
Figure 5.3 shows three nominal compressive stress-strain curves of the cell RVE 
specimens tested at a displacement rate of 0.5 mm/min. The specimens showed almost a 
linear behavior in the beginning with an effective elastic modulus of 188 MPa. Note that 
the effective elastic modulus obtained from the composite ROM is 190 MPa using the 
effective elastic moduli obtained from the nominal stress-strain curves of cell 
components under in-plane constrained compression tests. When the strain reaches about 
2%, noticeable change of the slope takes place and the curves continue to increase 
gradually up to the strains of 34%. Some minor drops were observed during the stage 
after the linear region due to the development of kinks and shear bands as shown in the 
deformation patterns recorded as discussed later. The trends of all three curves are quite 
consistent. 
Figures 5.4(a) to 5.4(d) show the deformation patterns of a cell RVE specimen at 
the nominal strain of 1% in the initial linear stage, at the nominal strain of 2% where the 
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slope changes, and at the nominal strains of 10% and 15%. Figures 5.4(e) and 5.4(f) show 
the front and back views of the tested cell RVE specimen at the nominal strain of 34%. A 
careful examination of the deformation pattern shown in Figure 5.4(a) indicates the initial 
linear stage corresponds to the development of smooth buckling for the cell components. 
However, no load drop was observed at the load corresponding to the constrained 
buckling since it is supposed to occur at the stress of 0.018 MPa (beyond the resolution of 
the load cell). A detailed calculation of the buckling load or nominal stress of the cell 
RVE specimen is discussed in [17]. As the displacement increases toward the nominal 
strain of 2% where the slope starts to level off, the cell RVE specimen shows the 
development of kinks or plastic hinges of the cell components against the walls, as 
indicated in Figure 5.4(b). The presence of the kinks promotes the macroscopic shear 
band formation (strain localization in a narrow zone), as indicated in Figure 5.4(b). The 
shear band formation creates a physical mechanism to accommodate efficiently for the 
compression displacement and hence induces the load drop. As the strain continues to 
increase, more kinks and shear bands form across the cell RVE specimen as shown in 
Figures 5.4(c) and 5.4(d). Figures 5.4(e) and 5.4(f) show the front and back views of the 
tested cell RVE specimen at the nominal strain of about 34%. As shown in the figures, 
the kinks are fully developed as folds and many shear bands can be identified. Since the 
efficient compaction mechanism of shear band formation has been completed, further 
compression can only be accomplished by micro buckling of the cell components outside 
of the shear band regions, as marked in the figures, and the compression and shear in the 
shear band region.  
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An idealized deformation process of the cell RVE specimen under an in-plane 
constrained compression test is proposed in [17] to explain the shear band formation and 
is briefly reviewed here. Figures 5.5(a) to 5.5(c) show schematics of a cell RVE specimen 
before, during, and after the shear band formation under in-plane constrained 
compression, respectively. Figures 5.5(d) to 5.5(f) show the detailed schematics of the 
shear band formation corresponding to Figures 5.5(a) to 5.5(c), respectively. As shown in 
Figure 5.5(a), the cell RVE specimen (shown in gray) forms shear bands (between two 
parallel dashed lines) to accommodate the volumetric reduction under constrained 
compression. During the deformation, the angle α  keeps deceasing towards to zero while 
the shear band angle θ  also decreases by a small amount. In the shear band, the cell 
components are subjected to a compressive strain in the z' direction, a significant amount 
of the shear strain in the y'-z' plane and a significant amount of rotation. Here, y' and z' 
represent the local material coordinates that are fixed to the material. Outside of the shear 
band, the cell components are subjected to compressive strains in the y direction and z 
directions. Once α  reaches to zero, further compressive strains are achieved by the micro 
buckling of the cell components outside of the shear bands and the void reduction and 
shear in the shear band as θ  continues to decrease. This is illustrated in Figures 5.5(c) 
and 5.5(f). It should be noted that Figures 5.5(a) to 5.5(f) are idealized with the periodic 
shear band structures. In tests, the shear bands do not form at the same time and the shear 




5.3.  Gurson’s yield function for porous materials 
The anode and cathode for this investigation are graphite coated on copper foil 
and LiFePO4 coated on aluminum foil, respectively. The copper foil has a thickness of 9 
µm and the total thickness of the anode sheet is 0.2 mm. The aluminum foil has a 
thickness of 15 µm and the total thickness of the cathode sheet is 0.2 mm. Both the anode 
and cathode sheets are double-side coated. The separator is made of polyethylene with 
the porosity ranging from 36 to 44% and a thickness from 16 to 25 µm according to the 
manufacturer specification.  
Figure 5.6 shows SEM images of the graphite and LiFePO4 on the anode and 
cathode sheets, respectively, reported in Lai et al. [17]. It should be noted that both active 
materials on electrodes are in a powder form held together by the binder and therefore 
possess a high degree of porosity as seen in the SEM images. The electrodes with the 
porous active materials can be computationally treated homogenized porous sheets. 
Therefore, the Gurson's model for porous materials is adopted to model the electrodes 
with the active materials in the finite element analyses. Also, separator used in the cell is 
manufactured with a high degree of porosity to hold electrolyte. A brief description of the 
Gurson's model [19] is presented here. 
Gurson [20] proposed a yield function φ  for porous materials containing a small 
volume fraction of voids. In porous materials, the void volume fraction f  is defined as 
the ratio of the volume of voids to the total volume of the material. The relative density of 
a material, r , defined as the ratio of the volume of matrix material to the total volume of 
the material, can also be used. Note that rf −= 1 . The Gurson’s yield function φ  was 
































φ                                                 (5.1) 
where  ( )21)S/ : S 2 3( =q   represents the effective macroscopic Mises stress, 
( )3   I/ : Σ−=p   represents the macroscopic hydrostatic pressure, yσ  represents the flow 
stress of the matrix material, which is expressed as a function of the average equivalent 
plastic strain pl
m
ε  of the matrix for strain hardening materials, and 1q , 2q  and 3q  are the 
fitting parameters. Here, S  represent the deviatoric part of the macroscopic Cauchy stress 
tensor Σ . The macroscopic Cauchy stress Σ  is based on the current configuration of a 
material element with voids.  For 0=f  ( 1=r ), the material is fully dense, and the 
Gurson’s yield function reduces to the Mises yield function. Tvergaard [21] introduced 
the fitting constants 1q , 2q  and 3q  to fit the numerical results of shear band instability in 
square arrays of cylindrical holes and axisymmetric spherical voids. One can recover the 
original Gurson's yield function by setting up 1 321 === qqq .  In the current 
investigation, 5.11 =q , 12 =q , and 25.2
2
13 == qq [19]. 
Figure 5.7(a) shows a schematic of the Gurson’s yield contour in the normalized 
hydrostatic pressure (p) - Mises stress (q) plane for porous materials in comparison with 
that of the Mises material model. The porous material model reduces to the Mises 
material model as the void volume fraction f  reduces to zero. Figure 5.7(b) shows a 
schematic of the uniaxial behavior of a porous material with a perfectly plastic matrix 
material and the initial void volume fraction 0f . Here the yield stress is denoted as 0yσ . 
The porous material softens in tension and hardens in compression. The porous material 
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hardens in compression due to the reduction of the void volume fraction. 
Phenomenological hyperfoam and crushable foam material models are available in 
ABAQUS. However, more material input data are needed for these foam models and 
additional material data for the cell components are not available. Therefore, the 
Gurson’s material model is adopted here for modeling the separator and the electrodes 
with the active materials. 
 
5.4.  Available material data for cell components 
Tensile tests were conducted for the individual cell components such as anode, 
cathode, separator and cover sheets, and the test results were discussed in detail in Lai et 
al. [17]. In-plane constrained compression tests were also conducted for the anode, 
cathode, separator, and cover sheets to estimate the compressive elastic moduli, and the 
test results were also discussed in detail in Lai et al. [17]. Although these tests are 
constrained compression tests, only the apparent elastic part of the stress-strain responses 
appear to be useful to obtain the effective compressive elastic moduli for individual 
components. The effective compressive elastic moduli may account for the local micro 
buckling that occurs at a very small load level for each component sheet and has 
indistinguishable impacts to the measurable macroscopic response. Due to the 
compressive loading of the cell RVE specimens, the effective compressive elastic moduli 
are thus used for the electrodes and separator in the finite element analyses of the cell 
RVE specimens under constrained compression tests. 
For elastic-plastic materials, the plastic strain hardening behavior is essential for 
the input of elastic-plastic finite element analyses. For the current investigation, the 
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elastic-plastic tensile stress-strain data for the components obtained in [17] are used to 
define the strain hardening behavior due to the difficulties to obtain such data under 
uniaxial 'unconstrained' compression tests.  For the ABAQUS solver, the tensile tests data 
must be converted to the true stress and true strain format for elastic-plastic finite element 
analyses.  There is no simple way to convert the engineering stress-strain curves of the 
anode, cathode and separator sheets with high porosity. The conversion to the true stress-
strain curve is based on the usual assumption of plastic incompressibility for metal 
plasticity for lack of the detailed information on the detailed microstructure of the anode, 
cathode and separator. With the composite rule of mixture for the void and matrix and the 
assumption of the constant total volume of the void and matrix, the engineering stress-
strain curve is converted to the true stress-strain curves.  The anode and cathode fail at 
very low strains. The separator is very thin and is expected not to contribute significantly 
to the overall load carrying capacity of cells and modules. Therefore, the conversion to 
the true stress-strain curve with the plastic incompressibility seems to be a reasonable 
option for lack of further information.   
The tensile and effective compressive moduli, tensile yield stress and Poisson's 
ratio of the cell components are listed in Table 1. Poisson’s ratios of 0.33 for copper, 0.33 
for aluminum, 0.45 for polymer and 0.2 for active layers are used to obtain the effective 
Poisson’s ratio for separator, anode, cathode, and cover sheets using the composite ROM. 
The Poisson’s ratios listed for anode and cathode in Table 1 are corresponding to the 
assumed void volume fraction f  listed in the parenthesis. It should be noted that the void 
volume fractions of the active materials on electrodes are difficult to measure due to the 
fact that the graphite and lithium iron phosphate particles are loosely bonded together by 
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a weak binder. The void volume fraction 44% of the separator provided by the 
manufacturer is adopted here. For the linear part of each stress-strain curve, the modulus 
is calculated based on each data point with respect to the origin of the stress-strain curve.  
A stable average value for a range of the strain of the apparent linear behavior is selected 
as the tensile modulus for that specific material. The yield stresses for the materials of the 
cell components are selected where the stresses deviate from the apparent linear ranges. 
The thickness and the densities of the cell components are also listed in Table 2.  
Figures 5.8(a) and 5.8(b) show the representative tensile nominal and true stress-
true strain data of the cell components, respectively, and Figure 5.8(c) shows the stress-
plastic strain curves of the cell components used in the finite element analyses. For the 
electrodes, the stress-plastic strain curves are provided up to the strain of failure in the 
tests. In ABAQUS, the stresses are kept constant outside the input strain range. In this 
case, this represents a perfectly plastic extension of the stress-plastic strain curves of the 
electrodes since they are apparently flat near the failure strains. This automatic extension 
of the input material data is used to avoid numerical issues that may arise due to error 
tolerance check used in regularizing the user-defined data in ABAQUS/explicit code. It 
should be mentioned again that the stress-plastic strain curves are estimations based on 
the available information. Many assumptions are made to obtain these curves. One goal 
of this investigation is to understand the physical mechanisms of these RVE specimens 
under constrained compressive tests. The details of the various aspects of compression 
tests simulations for cell RVE specimens are described in the following sections. 
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5.5.  Computational models 
The results of the compression tests of cell RVE specimens show that the layers 
of the RVE specimens are deformed by multiscale buckling phenomenon - both layer 
micro buckling and global macro buckling. Ideally, in a confined space with no clearance 
and only with the presence of the porosity in the separator and the active materials on the 
electrodes, the dense parts of the layers (copper foils in anodes, aluminum foils in 
cathodes, and aluminum and polymers in cover sheets) would get the room for buckling 
only by compressing the relatively softer and porous active materials on electrodes and 
separator layers laterally or in the out-of-plane direction. However, the initial 
microscopic gaps between the cell components also allow some rooms for buckling. The 
following approach is adopted and tested in developing the buckling model presented 
here. As the load increases, the local buckling of the individual sheets of the specimens 
develops and then the kinks of the cell components start to form laterally adjacent to the 
wall of the fixture. The kinematics of development of kinks and shear bands is an 
efficient way to compact these porous sheets with plastically incompressible inner copper 
or aluminum foils. Based on the experimental observations [17], the cell global buckling 
or shear bands come from the plastic hinges or sharp bending due to the rigid constraint 
of the fixture wall and the module global buckling comes from the smooth bending due to 
a more relax environment from the soft foam padding. The formation of these kinks and 
shear bands in computational simulations is the key to properly simulate the buckling 
behavior of the cell RVE specimens under constrained compression tests. 
The simulation of the cell RVE (ten units) specimens under compression tests will 
be presented here. The similar approach can be used for module RVE specimens under 
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compressive loading to estimate the nominal stress-strain response that can be used as an 
input for a less detailed modeling [18].  Figure 5.2(b) shows a schematic of a cell RVE 
specimen with the dimensions.  It should be noted that the stack-up of the cell 
components gives a total thickness of 4.642 mm. However, the constrained compression 
test fixture has a confinement dimension of 25 mm x 25 mm x 5 mm. In the beginning of 
the compression test, a clearance of 0.358 mm was present in the lateral or thickness 
direction, and is modeled accordingly in the finite element analyses. 
Figure 5.9(a) shows the finite element model setup for a cell RVE specimen 
compression test using the ABAQUS/Explicit commercial finite element code.  The x-y-z 
coordinate system is also shown. The explicit finite element solver is used for this 
simulation for a better contact stability among all the thin sheets during the buckling and 
under large deformation.  The vertical length 25 mm and the thickness 4.642 mm of the 
finite element model are similar to the cell RVE specimen. For computational efficiency, 
only a half of the cell RVE specimen width of 25 mm is used in the finite element model. 
However, it should be noted that the symmetric boundary condition was not applied in 
the model due to the nature of the problem. The nominal stress vs. nominal strain curves 
of the computational simulations will be compared with those of the tests.  
The compression test fixture is made of steel that has a very high stiffness 
compared to the cell components. Therefore, the confinement surfaces are assumed to be 
rigid and modeled by planar rigid surfaces. In the finite element model setup, the 
specimen mesh is surrounded by six rigid surfaces. The rigid surfaces contacting with the 
edges of the cell RVE component sheets with the normals in the x and y directions have 
zero clearance.  The rigid surfaces contacting the cover sheets with the normal in the z 
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direction are 5 mm apart and provide a total of 0.358 mm initial lateral clearance with 
0.179 mm on each side. The reference nodes of all the rigid surfaces except the top one 
have six degrees of freedom constrained. The top rigid surface can only move in the 
vertical direction and is given a velocity boundary condition. The general contact 
algorithm of ABAQUS/Explicit is used to model the contact interaction between the 
surfaces of the cell components that contact with one another and with the rigid surfaces. 
All the contact surfaces are assumed to be in friction contact with each other and an 
appropriate value of the coefficient of friction is used in the simulations as a fitting 
parameter. Figure 5.9(b) shows a detailed view of the meshes of each layer. The anode, 
cathode and cover sheets are modeled by linear hexahedral full integration solid elements 
(C3D8 of ABAQUS). Only a single layer of elements are used to model each layer and a 
mesh size of ∆x = 0.25 mm and ∆y = 0.25 mm is used. For the cathode and anode sheets, 
∆z = 0.2 mm. For the cover sheets, ∆z = 0.111 mm. The thin separator is modeled by 
linear quadrilateral reduced integration shell elements (S4R of ABAQUS) with a 
thickness of 0.02 mm for convergence and computational efficiency. 
The compression test speed of 0.008 mm/s is considered as a quasi-static 
condition. Using the explicit dynamics solver to model a quasi-static event requires some 
special considerations.  It is computationally impractical to model the process by a time 
step to satisfy the Courant-Fredrich-Levy condition of numerical stability.  A solution is 
typically obtained either by artificially increasing the loading rate or the speed of the 
process in the simulation, or increasing the mass of the system, or both. A general 
recommendation is to limit the impact velocity to less than 1% of the wave speed of the 
specimen, and a mass scaling of 5 to 10% is typical to achieve a desirable stable time 
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increment. Also the kinetic energy of the deforming specimen should not exceed a small 
fraction (1 to 5%) of the internal energy throughout the quasi-static analysis.  The 
densities of the cell components are very low and the mesh size in this simulation is fine 
enough to capture the micro and macro buckling behaviors.  Therefore, for a reasonable 
computational time, the finite element analysis is conducted at a speed of 200 mm/s and 
with a uniform mass scaling of 100 times of the actual mass. The deformation speed and 
the kinetic energy are very low and meet the recommendations of the quasi-static analysis 
for the explicit solver even though a higher mass scaling is used for computational 
efficiency. Different percentages of mass scaling were examined. The results showed 
some impact on the initial part of the stress-strain response up to a strain of about 1.5% 
and the results are generally comparable. 
For the micro and macro buckling analyses as mentioned earlier, the compressive 
elastic moduli of the cell components are used and are listed in Table 1. The cover sheet 
is modeled as the Mises material with the isotropic hardening rule of ABAQUS and the 
elastic-plastic true stress-strain curve shown in Figure 5.8(b) is used. For the separator 
sheets, the initial void volume fraction f  is set at 0.44 based on the manufacturer 
specification. The plastic behaviors for these components are provided based on the 
stress-plastic strain curves shown in Figure 5.8(c).  The effect of the void volume fraction 
on the Poisson’s ratio is estimated by treating the void as a component with zero 








ROM νν                                                                                                            (5.2) 
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where iν  and iV  are the Poisson’s ratio and the volume fraction of the i-th component, 
respectively. Table 1 lists the Poisson’s ratios for the cell components for different values 
of the initial void volume fraction f . The strain hardening behavior for the matrix 







σ                                                                                                             (5.3) 
where yσ  and Gursonyσ  represent the flow stress and adjusted flow stress of the matrix, 
respectively. The stress-plastic strain curve based on equation (5.3) will be referred as 
'adjusted strain hardening curve'.  
 
5.6.  Computational results 
Figure 5.10 shows the initial and deformed shape of the battery cell model under 
quasi-static in-plane compression and the corresponding experimental results. Initially, 
the cell RVE model is confined by six rigid surfaces as described earlier as shown in 
Figure 5.10(a). The top rigid surface is moved downward in the –y direction with a 
velocity boundary condition. Figure 5.10(b) shows the deformed shape of the model after 
the compressive displacement boundary condition is applied and held with the initial void 
volume fraction of f = 0.2 for the electrodes with the active materials at the nominal 
strain of 34%. In this case, the initial void volume fraction of f = 0.2 is used in 
estimating the Poisson’s ratios and adjusting the strain hardening curves for the anode 
and cathode sheets with the active materials. In the model, a coefficient of friction of 0.1 
is adopted for all the contacting surfaces as a general value. Many simulations with 
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multiple combinations of the parameters such as the void volume fraction and coefficient 
of friction were conducted. Only the combinations of parameters giving reasonable 
results will be presented here.  Figure 5.10(c) is a zoom-in view of Figure 5.10(b).  Figure 
5.10(d) shows a deformed cell RVE test specimen after the in-plane compression test. 
The cell RVE specimen after the compression test shown in 10(d) is one of the three cell 
RVE specimens tested. Note that a different tested specimen is shown in Figure 5.4. The 
specimen showed here has a fairly regular buckling pattern and was selected for 
comparison of the buckling pattern with that of the computational results. Regular 
buckling patterns are obtained from the computational models since these computational 
models do not have significant irregularities or imperfections. The buckling patterns of 
the deformed finite element model are found similar and comparable to that of the test 
specimen. 
Figures 5.11(i) through 5.11(vi) show successive snapshots of the deformation of 
the cell RVE specimen during the buckling simulation. Figures 5.12(i) through 5.12(vi) 
show the successive snapshots of the equivalent plastic strain (PEEQ) of the cell RVE 
during the buckling simulation. In Figure 5.11(ii) for the strain of 1.7%, the cover sheets 
on both sides of the cell specimen appear to buckle independently but the buckling is 
restricted by the rigid walls. The computational results not shown here indicate that the 
five buckles shown in Figure 5.11(ii) develop successively one by one from the top to the 
bottom and the neighboring softer separator, anode and cathode sheets buckle with the 
stiffer cover sheets. In Figure 5.11(iii) for the strain of 3.4%, the buckling peaks or 
valleys appear to adjust and synchronize with the macro buckling mode of the cell RVE 
specimen as a homogenized beam or plate. The absolute value of the nominal stress starts 
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to drop at the strain of about 2% with the increasing compressive nominal strain based on 
the computational results and this appears to be related to the starting of the macro 
buckling of the cell RVE specimen as a homogenized beam or plate.   
Figure 5.11(iv) for the strain of 11.9% show that kinks starts to form adjacent to 
the cover sheets and shear bands are formed between the opposite pairs of kinks. As 
shown in Figures 5.11(v) and 5.11(vi) for the strains of 22.1% and 34%, respectively, the 
kinks become folds and the folds have different depths. The spacing between the folds in 
fact is not the same due to the friction and imperfections.  The plastic hinges or bends of 
the cell components are found smoother in the computational models due to the large size 
of the elements in the finite element analyses compared to those of the tests where the 
bends are sharper with almost rectangular corners as shown in Figures 5.4(d) and 5.10(d) 
for two different tested cell RVE specimens.  
The shear bands are formed in the sheets between the two opposite kinks as 
schematically shown in Figure 5.11(iv). As the deformation progresses, the shear bands 
in the computational models become slightly wider in the middle of the specimen 
compared to those of the tests due to the smoothing of the bends coming from the large 
element size in the finite element analysis. It should be noted that in order to capture the 
local bending more accurately, more layers of linear elements would have been 
appropriate to model each sheet. However, for computational efficiency and for a very 
high length to thickness ratio of each sheet, only a single layer of element is used for 
modeling each sheet to sufficiently capture the micro and macro deformation patterns.  
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The compaction of the voids in the components and microscopic gaps between the 
components, along with the initial clearances, allows room for further compression in a 
confined space. The kinks grow up to certain depths and the surfaces collapse with 
further compressive loading as shown in Figure 5.11(v). On the other hand, the stack of 
sheets that apparently are vertical between the two kinks on the same side are carrying 
loads by further deformations as shown in Figures 5.11(iv) to 5.11(vi), and Figures 
5.12(iii) to 5.12(vi). The shape of this vertical zone across the thickness direction appears 
to be triangularly shaped whose apex is at the tip of the kink on the opposite side. Figure 
5.12(vi) shows that at the end of the compression, the values of the PEEQ are higher near 
the top of the specimen compared to those near the bottom. This can be attributed to the 
friction effect on the top portion due to the progress of compressive deformation.  
Figures 5.13(i) and 5.13(ii) show the distributions of the void volume fraction at 
the nominal strains of 8.5% and 34% of the constrained compression simulation, 
respectively. Only the void volume fractions of the anode and cathode sheets of the cell 
RVE specimen are displayed in these plots. Figure 5.13(i) shows that during the 
deformation at the nominal strain of 8.5%, the voids in the kink compaction bands are 
consumed. Figure 5.13(ii) shows that at the end of the compression at the nominal strain 
of 34%, the void volume fraction decreases more near the top of the specimen compared 
to that near the bottom. This can be attributed to the friction effect on the top portion due 
to the progress of compressive deformation.  
Figure 5.14 shows a comparison of the nominal stress-strain curve from the finite 
element analysis with that of the test results obtained from Lai et al. [17]. As mentioned 
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earlier, the nominal stress-strain curve of the finite element analysis is based on the 
Gurson’s material model with the initial void volume fraction f = 0.2 for the electrodes 
with the active materials and a friction coefficient of 0.1 based on a parametric study. The 
results of the parametric study show that the formation of the kinks and shear bands 
affects the stress where the slope of the nominal stress-strain curve of the computational 
results changes whereas a higher coefficient of friction raises the nominal stress to a 
higher value at a large strain. The results of the parametric study will not be reported here 
for brevity. The SAE 60 class filter has been used to post-process the computational 
stress-strain responses to filter the computational noise if present and for consistency in 
comparing the curves from computations [19]. The computational results show that the 
stresses drop slightly after the first noticeable global buckling at a strain of about 2% and 
this is in agreement with the experimental results. After reaching a strain of about 2%, the 
global buckling for the cell RVE specimen as a homogeneous beam begins. The stress 
then gradually increases as the densification or compaction continues as the strain 
increase. The results are compared fairly well with the test results in general. However, 
the computational response drops slightly after the strain of 25%. 
The importance of the establishment and validation of the detailed computational 
model in this investigation can be demonstrated by exploring two example cases in order 
to visualize the effect of clearance and biaxial compression on the deformation patterns 
of cell RVE specimens under constrained compression. Only the deformation patterns of 
the two example cases are briefly presented here for demonstrating the usefulness of the 
computational model to understand the underlying physics of the cell RVE specimens 
under constrained compression.  
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The effect of the initial clearance on the shear band formation of a cell RVE 
specimen is demonstrated by using three initial clearances of zero, 0.358 mm for the 
current model and 0.716 mm in the finite element analyses.  Figures 5.15(a) to 5.15(c) 
show the deformation patterns of the cell model under quasi-static in-plane compression 
for the three clearance cases at the nominal strain of 34%. As the initial clearance in the 
finite element models decreases from 0.716 mm to 0.358 mm and then to zero, the 
number of kinks increases, the kink depth decreases, and the number of shear bands 
increases from 8, 10 to 15, respectively. The details of the computational results will be 
reported with the corresponding experimental results in the future. 
Figure 5.16 shows the deformation pattern of a cell RVE specimen under equal 
biaxial constrained compression based on the model shown in Figure 5.10(a). Here, the 
top and front rigid surfaces are moved downward in the –y direction and horizontally in 
the –x direction, respectively, with the velocity boundary conditions such that 
compressive nominal strains are equal in both x and y directions.  The kinks and shear 
bands are formed inclined to both x and y directions in Figure 5.16. The number of kinks 
and shear bands on side S is about half compared to that of the side L due to the length 
ratio of one half for sides S and L in the computational model. Figure 5.16 also shows the 
pattern of interactions of the shear bands initiated from sides L and S. The details of the 
computational results will be reported with the experimental results for biaxial 




5.7.  Conclusions 
In this paper, computational models are developed for simulations of 
representative volume element (RVE) specimens of lithium-ion battery cells under 
constrained compression tests. First, the load-displacement data and deformation patterns 
for cell RVE specimens under in-plane constrained compression tests are briefly 
reviewed.  For the corresponding finite element analyses based on ABAQUS, the 
effective compressive moduli for cell components are obtained from constrained 
compressive tests, the Poisson’s ratios for cell components are based on the rule of 
mixture, and the stress-plastic strain curve of the cell components are obtained from the 
tensile tests and the rule of mixture. The Gurson's material model is adopted to account 
for the effect of porosity in separators and in the active layers of anodes and cathodes. 
The results of the computations show that the computational models can be used to 
examine the micro buckling of the component sheets, the macro buckling of the cell RVE 
specimens, and the formation of the kinks and shear bands observed in experiments, and 
to simulate the load-displacement curves of the cell RVE specimens. Based on the 
computational models, the effects of the friction coefficient between the cell components 
and the constrained surfaces on the deformation pattern, plastic deformation, void 
compaction, and the load-displacement curve are identified. Finally, the usefulness of the 
computational model is demonstrated by further exploring the effects of the initial 
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4700 83 2.11 
0.21 (f =  0%) 
0.17 (f = 20%) 
0.13 (f = 40%) 
Cathode,  
Li-FePO4/Al 
 5100 275 1.48 
0.21 (f =  0%) 
0.17 (f = 20%) 
0.14 (f = 40%) 
Separator  500 90 10.53 0.25 (f = 44%) 





Table 5.2. Thickness and densities of the battery cell components 
 
 
  Thickness, mm Density, kg/m3 
Anode, Graphite/Cu 0.2 934 
Cathode, Li-FePO4/Al 0.2 1712 
Separator 0.02 795 
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Figure 5.3. Nominal compressive stress-strain curves of the cell RVE specimens tested at 
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Figure 5.4. Deformation patterns of a cell RVE specimen during a compression test at the 
displacement rate of 0.5 mm/min: (a) at the nominal strain of 1% in the initial linear 
stage, (b) at the nominal strain of 2% where the slope changes, (c) at the nominal strain of 
10%, (d) at the nominal strain of 15%, (e) at the nominal strain of 34% after the test 
(front view), and (f) at the nominal strain of 34% after the test (back view). 
Micro buckling 
Micro buckling 




























































                               (d)                                          (e)                                            (f) 
 
 
Figure 5.5. Schematics of a cell RVE specimen (a) before, (b) during, and (c) after in-
plane constrained compression. (d) to (f) are detailed schematics showing the shear band 
formation corresponding to (a) to (c), respectively. The y and z coordinates are the global 
coordinates and the y' and z' coordinates in (d) to (f) are the local material coordinates 
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Figure 5.7. (a) A schematic of the Gurson's yield contour in the normalized hydrostatic 
pressure (p) - Mises stress (q) plane [19], and (b) a schematic of uniaxial behavior of a 
porous material with a perfectly plastic matrix material and the initial void volume 
















































































































































Figure 5.8. (a) The representative tensile nominal stress-strain data of the cell 
components obtained from [17], (b) estimated true stress-true strain data based on (a), 
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Figure 5.9. (a) The finite element model setup for a cell RVE specimen under constrained 
compression, and (b) the detailed view of meshes where the anode (light yellow), cathode 
(red) and cover sheets (green) are modeled by linear hexahedral solid elements and the 


















































Figure 5.10. (a) A cell RVE half model is confined by six rigid surfaces, (b) the deformed 
shape of the model after the compressive displacement is applied (with the effective 
elastic compressive modulus and f = 0.2 for the electrode sheets with the active 
materials at the nominal strain of 34%), (c) a zoom-in view of (b), and (d) a deformed 
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Figure 5.11. The successive snapshots of the deformation of the cell RVE specimen 
during the buckling simulation at the nominal strains of (i) 0%, (ii) 1.7%, (iii) 3.4%, (iv) 
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Figure 5.12. The successive snapshots of the equivalent plastic strain (PEEQ) of the cell 
RVE specimen during the buckling simulation at the nominal strains of (i) 1.7%, (ii) 
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Figure 5.13. The distributions of the void volume fraction at the nominal strains of (i) 
8.5% and (ii) 34% of the constrained compression simulation. Only the void volume 








































Figure 5.14. A comparison of the nominal stress-strain curve from the finite element 
analysis using the Gurson’s material model with those of the test results. In the finite 
element analyses, all the contact surfaces are assumed to be in friction contact with a 
friction coefficient of 0.1. 
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Figure 5.15. The deformation patterns of a battery cell under quasi-static in-plane 
compression for three initial clearances of (a) zero, (b) 0.358 mm of the current model 
and (c) 0.716 mm at the nominal strain of 34%. The finite element models are similar to 
the model described in Figure 5.10(a) with different initial clearances. 
 










































Figure 5.16. The deformation pattern of the cell RVE specimen under equal biaxial 
constrained compression based on the model shown in Figure 5.10(a) at the nominal 




Chapter 6                                                                                                         
Computational Models for Simulation of a Lithium-Ion Battery Module Specimen 
under Punch Indentation 
 
6.1.  Introduction 
Lithium-ion batteries have been considered as the solution for electric vehicles for 
the automotive industry due to their lightweight and high energy density. The major 
design considerations of the lithium-ion batteries involve electrochemistry, thermal 
management and mechanical performance. The electrochemistry has been widely studied 
since it directly determines the battery performance and its life cycle. Different active 
materials on electrodes give different types of lithium-ion batteries. However, the basic 
chemical reactions of the cells are similar. For automotive applications, the mechanical 
performance is of great importance for crashworthiness analyses. Various research works 
have been focused on the chemical stability under impact, punch, nail penetration, and 
extreme temperatures [1-5]. However, the research works related to the mechanical 
behavior of lithium-ion batteries and the corresponding computational modeling are very 
limited.   
Several research works were conducted to understand and model the phenomenon 
related to diffusion or intercalation induced stresses, cracking, debonding, and effect of 
coating due to reaction in lithium-ion batteries [6-13]. These research works are mainly 
focused on electrodes or separators and understandably do not cover the global 
mechanical behavior of battery cells and modules. Sahraei et al. [14] conducted a series 
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of tests and mechanical modeling on commercial LiCoO2/graphite cells used for cell 
phones. The results indicate that the compressive mechanical behavior is characterized by 
the buckling and densification of the cell components. Other testing and modeling data 
available were also conducted on commercial LiCoO2 cylindrical or prismatic battery 
cells [15, 16]. However, this information is of limited use for researchers to model the 
mechanical performance of automotive high-voltage LiFePO4 battery cells and modules 
for crashworthiness analyses.   
Sahraei et al. [14] indicated that computational effort is quite significant to model 
local buckling phenomenon of battery cells under in-plane compression. Therefore, 
macro homogenized material models of the representative volume elements (RVEs) for 
both the battery cells and modules have to be developed for crashworthiness analyses 
with sacrifice of the accuracy in the micro scale.  Other than dealing with the multi-
physics problem, one of the challenges of developing the computational models for the 
battery behavior is to deal with different models at different length scales as indicated in 
[14].  Therefore, understanding the basic mechanical behavior of the lithium-ion batteries 
for automotive applications is very important to develop macro homogenized material 
models for representative volume elements (RVEs) of cells and modules for efficient 
crashworthiness analyses.  
Recently, Lai et al. [17] investigated the mechanical behaviors of lithium-iron 
phosphate battery cells and modules by conducting tensile tests of individual cell and 
module components, constrained compression tests of RVE specimens of dry cells and 
modules, and a punch test of a small-scale dry module specimen.  Their results of in-
plane tensile tests of the individual cell components indicate that the active materials on 
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electrodes have a very low tensile load carrying capacity. For in-plane constrained 
compression tests of cell RVE specimens, the results indicate the load carrying behavior 
of cell RVE specimens is characterized by the buckling of cells with a wavelength 
approximately in the order of the thickness of the cells and the final densification of the 
cell components. They also tested module RVE specimens with different heights and the 
results indicate that the load carrying behavior of module RVE specimens is also 
characterized by the buckling of cells with a wavelength approximately in the order of the 
thickness of the cells and the final densification of the module components but relatively 
independent of the height of the tested specimens.  They also investigated the effects of 
adhesives between cells and foam/aluminum heat dissipater sheets on the mechanical 
behavior of module RVE specimens.  The results indicate that the adhesive slightly 
increases the compressive load carrying capacity of the module RVE specimens.  Their 
SEM images of the active materials on electrodes and the results of in-plane compressive 
and out-of-plane compressive tests suggest the total volume fraction up to 40% for the 
space between components and the porosity of the separator and the active materials on 
electrodes.  Based on the compressive nominal stress-strain curves in the in-plane and 
out-of-plane directions, their work suggests that the lithium-ion battery cells and modules 
can be modeled as anisotropic foams or cellular materials.  
Figure 6.1 shows a schematic of the approach for the computational model 
development in this chapter. The purpose of this investigation is two fold: one is to 
enhance understanding of the mechanical behavior of lithium-ion batteries used for 
automotive applications and the other is to pave the groundwork for the development of 
more accurate material models to represent the battery cells and modules by 
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homogenized material models which are a subject of the future research. In this 
investigation, less detailed macro homogenized material models are adopted to simulate a 
small-scale module specimen under the punch test. Here, the test data of module RVE 
specimens [17] were used to calibrate the inputs of the hyperfoam and crushable 
compressible foam models available in commercial finite element code ABAQUS [18] 
for the punch test simulation. The computational results of the load-displacement 
responses of the punch test are then compared with the experimental results. Finally, 
some comments are made. 
 
6.2.  Module RVE specimens under constrained compression tests 
A detailed description of the structure of the lithium-ion battery module used for 
this investigation can be found in Lai et al. [17].  The following definitions will be used 
throughout the paper. A Single unit cell represents a basic cell containing one cathode, 
one anode and a separator sheet with two aluminum cover sheets with two accompanying 
separator sheets. A Seven unit cell consists of seven basic cells containing seven cathode, 
seven anode, fifteen separator and two aluminum cover sheets. This seven unit cell 
represents a typical assembled pouch cell. A Module consists of two pouch cells (seven 
unit cells) separated by an aluminum heat dissipater sheet and with two foam sheets on 
both sides. The name 'module' will be used throughout the paper to represent this 
definition (Figure 6.1).  
Each cell consists of five major components: cover sheet, anode, cathode, 
separator and electrolyte. Since the electrolyte is difficult to handle during assembly due 
to the safety concern, all the cell and module RVE specimens tested in this study were 
225 
 
made without the electrolyte at the University of Michigan. Tensile tests were conducted 
for the individual cell components such as anode, cathode, separator and cover sheets, 
and the test results were discussed in detail in Lai et al. [17]. Tensile tests were also 
conducted for the aluminum heat dissipater sheets located between the cells and 
compression tests were conducted for the foam sheets in battery modules.  
Since a less detailed homogenized model would require treating the battery cells 
and modules as homogenized materials, the nominal stress-strain curves of module RVE 
specimens under quasi-static in-plane compression tests reported in [17] will be used as 
the input for the homogenized material models in the finite element analyses. Figure 
6.2(a) shows a schematic of a battery module and a module RVE specimen for the in-
plane constrained compression test. A small module RVE specimen is shown in Figure 
6.2(b) with the dimensions. Figure 6.2(c) shows a side view of the module RVE 
specimen with individual components. The large red arrows shown in the figure indicate 
the in-plane compressive direction. The simulation of the in-plane quasi-static punch test 
of a small-scale module is modeled here by treating the battery module as a homogenized 
material.  
Figure 6.3 shows representative nominal stress-strain curves for two module RVE 
specimens with two different heights of 10 mm and 20 mm under quasi-static in-plane 
compression tests. These curves have similar trends or patterns as those of cell RVE 
specimens under quasi-static in-plane compression as shown in [17].  The characteristics 
of these compression stress-strain curves are similar to that of a typical hyperfoam.  Lai et 
al. [17] also reported that for the module RVE specimens, the curves for in-plane 
compression is higher by about 5 to 8 MPa than the one for out-of-plane compression due 
226 
 
to the stiffening effects of the aluminum and copper foils and the cover and aluminum 
heat dissipater sheets under in-plane compression. The results indicate that the module 
RVE specimens can be modeled in general as anisotropic foam materials (for example, 
see Wang and Pan [19]). However, in the current investigation, only in-plane 
compression tests are addressed and the scope will be limited to isotropic homogenized 
material models only.  The details of the various aspects of punch test simulations using 
macro homogenized material models for battery modules are described later in this paper. 
 
6.3.  A small-scale module specimen under a punch indentation test 
The experimental results of module RVE specimens under in-plane compression 
tests will be used to develop macro homogenized material models for battery modules. 
However, the macro homogenized material models need validations. A limited validation 
will be presented here by comparing the computational results based on the macro 
homogenized material models with the test data from a punch test of a small-scale 
module specimen. The quasi-static in-plane punch test is conducted by indenting a small-
scale module specimen by a semicircular punch. Figure 6.4 shows a schematic of a 
module specimen under a punch test.  The travel speed of the punch is very low and the 
test is considered as a quasi-static test.  The detailed description of the punch test can be 
found in Lai et al. [17].  It should be noted that the stress and strain distribution of the 
module specimen under the punch are quite nonuniform and under biaxial loading 
conditions, in contrast to the nearly uniform macroscopic stress and strain distributions in 
the module RVE specimens as homogenized materials under in-plane compression. The 
objectives of creating and validating such macro homogenized material models are to 
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provide a general understanding of the effects of the macro homogenized material models 
for battery cells and modules used in crashworthiness analyses. Next, a hyperfoam 
material model will be examined in detail as a candidate for a macro homogenized 
material model for lithium-ion battery modules. 
 
6.4.  Macro homogenized hyperfoam material model  
For foams or cellular materials, three stages of the compression stress-strain curve 
can usually be observed. In the beginning at small strains, the foam deforms in a linear 
elastic manner due to cell wall bending.  The next stage is a plateau at almost constant 
stress, caused by the buckling of the columns or plates that make up the cell edges or 
walls.  Finally, a region of densification occurs, where the cell walls crush together, 
resulting in a rapid increase of compressive stress.  
A brief description of a hyperfoam material model in ABAQUS is presented 
































α , and 
i
β  are temperature dependent material parameters, and 
i
λ̂  are the 
principal stretches.  The strain energy can be fitted up to the order of 6=N . The 
deformation modes are characterized in terms of the principal stretches and the volume 
ratio J.  The elastomeric foams are not incompressible. Therefore, 
1321 ≠= λλλJ          (6.2) 
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The transverse stretches 2λ  and/or 3λ  are independently specified in the test data either 
as individual values depending on the lateral deformations or through the definition of an 
effective Poisson's ratio. 
For uniaxial mode, the stretch ratios are expressed as 
UUUU
J ελλλλλλλ +==== 1   ,   ,  , 22321       (6.3) 
For equibiaxial mode, the stretch ratios are expressed as 
BBBB
J ελλλλλλ +==== 1   ,   , 3
2
21       (6.4) 
For planar mode, the stretch ratios are expressed as 
PPPP
J ελλλλλλ +==== 1   ,   ,1  , 321       (6.5) 
where the subscripts U, B and P represents the uniaxial, equibiaxial and planar mode, 
respectively. The nominal stress-stretch ratio relation for the three deformation modes 






















       (6.6) 
where jT   is the nominal stress and jλ  is the stretch ratio in the direction of loading. 
For the punch test simulation, a general elastomeric foam model “Hyperfoam” in 
ABAQUS is used as a preliminary case.  This material is highly compressible in contrast 
to the incompressibility for usual hyperelastic materials.  Only the uniaxial compression 
test data based on the module RVE uniaxial compression test data is available to fit the 
strain energy potential for the Hyperfoam material model. There is no shear and biaxial 
test data. ABAQUS performs a nonlinear least-squares fitting of the test data to determine 
the hyperfoam coefficients.  The uniaxial compression test data shown in Figure 6.3 for 
the module RVE specimen with dimensions of 10 mm x 10 mm x 20 mm is used as the 
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material data input in the subsequent finite element simulations.  However, Figure 6.5 
shows two different scenarios that are considered for the homogenized material data input 
for the ABAQUS hyperfoam data fitting. The first one is the test data used "as-is" and the 
other is adjusted without softening. 
The uniaxial compression curve (marked as "as-is") shown in Figure 6.5 can be 
broken down into three stages.  At small strains (  3%), the module deforms in a linear 
elastic fashion.  This is followed by a plateau of stress with a relatively small range of 
stress caused by the buckling of the module component sheets.  At higher strains, a 
region of densification occurs where the module component sheets crush together 
resulting in a rapid increase of the compressive stress.  The effective Poisson's ratio is 
considered to be zero for the homogenized hyperfoam model, since the data used is based 
on a constrained compression test. 
It is essential to evaluate whether the hyperfoam constants determined by the 
finite element solver (ABAQUS) are acceptable, based on the correlation between the 
finite element solver predictions and the experimental data. A three-dimensional single-
element test is used to calculate the nominal stress-nominal strain response of the 
material model.  Figures 6.6(a) and 6.6(b) show the fitted stress-strain curves for the 
hyperfoam material model with different orders of N  and the compression test data for a 
module RVE specimen. For the battery module RVE specimens, N = 2 seems to be 
adequate in providing good correlations since N = 2 usually provides numerical stability 




6.4.1  Model fitting procedure  
In ABAQUS, the test data are specified as nominal stress–nominal strain data 
pairs using combinations of the *UNIAXIAL TEST DATA, *BIAXIAL TEST DATA, 
*SIMPLE SHEAR TEST DATA, *PLANAR TEST DATA, and *VOLUMETRIC TEST 
DATA sub-options of the *HYPERFOAM option with the TEST DATA INPUT 
parameter. In addition, the effective Poisson's ratio can be specified through the 
POISSON parameter. For each stress-strain data pair, ABAQUS generates an expression 
for the stress in terms of the stretch ratio and the unknown hyperfoam constants. For the 
uniaxial, equibiaxial, planar, and volumetric deformation cases, the nominal stress 
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       (6.7) 
where U  is the strain energy potential and  Cλ  is the stretch in the primary displacement 
direction. For the simple shear case, the nominal shear stress 
S







































     (6.8) 
where γ  is the shear strain and jλ  are the two principal stretches in the plane of shearing 
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T   is a stress value from the test data and  th
i
T  is one of the stress expressions 
described above.  
As the energy potential is a nonlinear function of 
i
α  and 
i
β , a nonlinear least 





α , and 
i
β  simultaneously. If the POISSON parameter is specified as the 
effective Poisson's ratio ν , then all the 
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After a set of material constants is obtained, ABAQUS performs material stability 
checks along the primary deformation modes using the Drucker stability criterion as  
0:  :          0 >⇒> εεε dddd D:τ        (6.11) 
where τd  is the Kirchhoff stress increment due to the logarithmic strain increment, εd , 
and D  is the tangential material stiffness.  
For the stability criterion to be satisfied, D  must be positive-definite. The analysis 
input file processor will give warning messages if D  loses its positive-definite property, 
thereby defining strain states that are likely to result in unstable material behavior. The 
deformation modes examined are uniaxial, equibiaxial, planar, and volumetric 
deformation in tension and compression and the simple shear mode [18]. 
 
6.5.  Finite element analyses using a macro homogenized hyperfoam material model  
Figure 6.7 shows a two-dimensional plane strain finite element model for 
simulation of the quasi-static semicircular punch test using a macro homogenized 
232 
 
hyperfoam material model. The implicit finite element solver ABAQUS/Standard 
commercial finite element code is used for the punch test simulation. The length, height, 
and thickness of the specimen are 80 mm, 20 mm, and 10 mm respectively.  Two-
dimensional plane strain 4-noded CPE4R elements of size 0.1 mm by 0.1 mm with 
hourglass control are used. Preliminary analyses show that a symmetric half model can be 
used in the subsequent analyses. The punch is modeled as a rigid body and the contacts 
between the punch and the specimen is modeled with a friction coefficient of 0.2.  The 
specimen is in frictionless contact with the three bounding rigid surfaces represented by 
the three rigid lines BA, AC and CD in the two-dimensional plane strain model shown in 
Figure 6.7.  The reference nodes of these rigid lines are constrained for all available 
degrees of freedom.  The effective Poisson's ratio is considered to be zero, and for the 
hyperfoam model, the input data fitting with N = 2 is used.  A vertical downward 
displacement boundary condition in the –y direction is applied at the rigid punch center.  
The maximum travel depth of the punch center is 10 mm.  The punch is displaced 
statically downward to indent the specimen, and the reaction force-displacement response 
is obtained. 
Figure 6.8 shows a comparison of the load-displacement curves from the finite 
element analyses of the quasi-static in-plane semicircular punch test based on the 
homogenized hyperfoam model and the experimental results. The load based on the 
hyperfoam model with "as-is" input is lower than the experimental results at small 
displacements but agree well the experimental results at large displacements. On the 
other hand, based on the hyperfoam model with the test data adjusted without softening, 
the load-displacement response at small displacements gives the general trend of the 
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experimental results without the distinctive peak and plateau due to buckling. However, 
at large displacement, the computational results match with the experimental data. The 
computational scheme presented here using the homogenized hyperfoam model for the 
lithium-ion battery module appear to show the capability to model the response of the 
battery module under punch indentation tests. It should be noted that a three-dimensional 
computational model is also developed and the computational results match well with 
those under plane strain conditions presented in Figure 6.8. 
The hyperfoam material model is based on the hyperelastic theory that uses the 
strain energy function and is suitable for quasi-static loading conditions.  The hyperfoam 
model cannot be used to account for the strain rate sensitivity for the foam. However, it 
could be combined with a viscoelastic model to capture a certain degree of the strain rate 
sensitivity for foam materials [18, 21].  
  
6.6.  Macro homogenized crushable foam material model  
The crushable foam model in ABAQUS is based on the plasticity theory and can 
be used to model crushable materials other than foams [18]. It could also be used to 
model the compressible behavior of lithium-ion battery cells and modules. This model 
can be used when rate-dependent effects are important and could be useful for 
crashworthiness simulations of battery cells and modules. Next, the crushable foam 
material model will be examined in detail as a candidate for a homogenized material 
model for lithium-ion battery modules. The isotropic hardening crushable foam model 
[22] uses an elliptical yield surface centered at the origin in the p–q stress plane. Here, p  
represents the pressure and q  represents the Mises stress. The yield surface evolves in a 
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self-similar manner, and the evolution is governed by the equivalent plastic strain. The 
yield surface for the isotropic hardening model is defined as  














pB          (6.13) 
Here, B  is the size of the yield ellipse, α  is the shape factor of the yield ellipse, that 
defines the relative magnitude of the minor axis to the major axis, 
c
p  is the yield stress in 
hydrostatic compression, and 
c
σ  is the absolute value of the yield stress in uniaxial 
compression. 
Figure 6.9 shows the yield surface in the p-q plane.  The shape factor α  can be 
computed using the initial yield stress in uniaxial compression, 0
c
σ , and the initial yield 
stress in hydrostatic compression, 0
c
p  (the initial value of 
c



















6.7.  Finite element analyses using a macro homogenized crushable foam material 
model 
Figure 6.10(a) shows a three-dimensional finite element model for the simulation 
of the quasi-static semicircular punch test using a macro homogenized crushable foam 
material model. The implicit finite element solver ABAQUS/Standard commercial finite 
element code is used for the punch test simulations. A symmetric half model is used with 
the half length of 40 mm, the height of 20 mm, and the thickness of 10 mm.  Three-
dimensional linear 8-noded hexahedral C3D8 elements of size 1 mm x 1 mm x 1 mm are 
used.  The punch is modeled as a rigid body and the contacts between the punch and the 
specimen is modeled with a friction coefficient of 0.2.  The specimen is in frictionless 
contact with the four bounding rigid surfaces as shown in Figure 6.10(a).  The reference 
nodes of these rigid surfaces are constrained for all available degrees of freedom.  A 
vertical downward displacement boundary condition is applied at the punch center.  The 
maximum travel depth of the punch center is 10 mm.  The punch is displaced statically 
downward to indent the specimen as shown in Figure 6.10(b), and the reaction force-
displacement response is obtained. 
The uniaxial compression test data shown in Figure 6.3 for a module RVE 
specimen with dimension 10 mm x 10 mm x 20 mm is used for the material input data of 
the finite element analyses.  The crushable foam model requires the plastic strain to be 
provided in the ascending order.  Thus the uniaxial compression test data input for the 
finite element analysis needed to be adjusted. Similar to the hyperfoam material model 
cases, two scenarios are also considered here. Figure 6.11 shows two sets of input data 
for the elastic-plastic material data. The first one has the test data adjusted in the 
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ascending order but the rise and fall segment due to initial buckling is flattened to a lower 
bound of the curve. The second one has the test data adjusted in the ascending order and 
the curve is adjusted higher at the peak point due to the initial buckling and is flattened to 
a higher bound of the curve. 
For the crushable foam model, the isotropic hardening rule is used. The elastic 
part of the material is specified by the elastic modulus 305.5 MPa based on the initial 
linear parts of the input stress-strain curve and Poisson's ratio of 0.2 based on the rule of 
mixture for an aggregate with a void volume fraction of 0.4 and the effective Poisson's 
ratio of the matrix as 0.33. The ratio of the initial yield stress in uniaxial compression, 0
c
σ   
to the initial yield stress in hydrostatic compression, 0
c
p  for compression loading 
)30(  ,00 <≤= kpk
cc
σ  is assumed to be 1.1 as an approximation. However, based on 
the experimental data of Lai et al. [17] with the assumption that the in-plane yield stresses 
are equal while the out-of-plane yield stress is nearly zero, then k  becomes 1.5. It is 
found that for the current investigation, both k  values give almost similar results. The 
plastic Poisson's ratio pν  is assumed to be zero. The CRUSHABLE FOAM 
HARDENING option is used with the stress-plastic strain input to define the hardening 
data for the crushable foam plasticity model [18]. 
Figure 6.12 shows a comparison of the load-displacement curves from the finite 
element analyses of the quasi-static semicircular punch indentation test based on a 
crushable foam material model and the experimental results.  For both scenarios of 
material data inputs, the computational results give upper and lower bounds of the 
experimental results. In general, the computational scheme presented here using the 
homogenized crushable foam model appear to be able to model the experimental results 
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of the punch test. However, the computational results based on the macro homogenized 
crushable foam model could not catch the distinctive peak and the plateau due to 
buckling. The investigation shows that the material models in commercial software can 
be used for simulation of lithium-ion battery modules under punch indentation. But the 
investigation can be used to underscore the need to develop better material models to 
represent more accurately for lithium-ion battery cells and modules as homogenized 
materials, which is a subject of the future research.  The results of the simulation 
presented here are geared towards to that objective and to layout some ground work for 
future investigations.  
 
6.8.  Conclusions 
In this paper, macro homogenized material models are adopted to model a small-
scale lithium-ion battery module specimen under an in-plane constrained punch 
indentation test. The macro material models are based on the compressive stress-strain 
curves obtained from the representative volume element (RVE) module specimens under 
in-plane constrained compression tests. The ABAQUS implicit solver is used for the 
punch test simulations. The hyperfoam and the crushable foam material models in 
ABAQUS are adopted to fit the nominal stress-strain curves of the module RVE 
specimens under in-plane compression. The load-displacement responses of the 
simulation results based on the hyperfoam and crushable foam material models compare 
fairly well with the experimental results of the punch test in general. However, the initial 
yielding and the corresponding plateau of the load-displacement curves of the punch test 
due to micro buckling could not be modeled distinctively by the macro homogenized 
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models. The computational results show that the material models available in commercial 
finite element software can be used to reasonably model lithium-ion battery modules 
under non-uniform compression loading conditions. 
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Figure 6.2. A schematic of (a) a battery module and a module RVE specimen for the in-
plane constrained compression test, (b) a module RVE specimen with the dimensions, 
and (c) a side view of the module RVE specimen showing the individual components. 
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Figure 6.5. Two different sets of material data input for the ABAQUS hyperfoam data 
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Figure 6.6. The fitted stress-strain curves by the hyperfoam material model with different 
values of N for (a) the "as-is" compression test data and (b) the "adjusted without 
































Figure 6.7.  A two-dimensional plane strain finite element model for simulation of the 
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Figure 6.8. The load-displacement curves from the finite element analyses of the quasi-
static in-plane semicircular punch test based on the homogenized hyperfoam model and 
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Figure 6.10.  (a) A three-dimensional finite element model for the simulation of the 
quasi-static semicircular punch test using a macro homogenized crushable foam material 















































Figure 6.11. Two scenarios are considered here for the elastic-plastic material data input 
with the test data adjusted in the ascending order. The rise and fall segment due to initial 
buckling is flattened to a lower bound and a higher bound of the segment.  
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Figure 6.12.  The load-displacement curves from the finite element analyses of the quasi-
static semicircular punch indentation test based on a crushable foam material model and 









In chapter 2, residual stresses due to single indentation and rolling on a finite plate 
at very high rolling loads are investigated by two-dimensional plane strain finite element 
analyses using ABAQUS.  In the finite element analyses, the roller is modeled as rigid 
and has frictionless contact with the finite plate.  Finite element analyses with different 
meshes for single indentation on elastic flat plate under plane strain conditions are first 
carried out and the results are compared with those of the elastic Hertzian solutions to 
understand the need of the finite element model for elastic-plastic analyses of indentation 
and rolling.  Then the plate material is modeled as an elastic-plastic power-law strain 
hardening material with a non-linear kinematic hardening rule for loading and unloading.  
Finite element analyses with different meshes for single indentation on an elastic-plastic 
flat plate under plane strain conditions are also carried out to validate the finite element 
models.  Based on the computational models for indentation and rolling at high rolling 
loads with extensive plastic deformation, the computational results show that the contact 
pressure distributions are quite different and they are also significantly different from the 
elastic Hertzian pressure distribution.  The computational results for the rolling case show 
a significantly higher longitudinal compressive residual stress and a lower out-of-plane 
compressive residual stress along the contact surface when compared to those for the 
single indentation case.  Moreover, the residual stresses at the boundary surfaces due to 
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rolling are found to be four to five times higher than those of the single indentation case. 
Also, the longitudinal residual stress distribution under the roller is no longer in self 
equilibrium due to a length change of the top portion of the plate by rolling and the 
boundary reaction forces which are no longer negligible compared to those of the single 
indentation case.  The results suggest that the effects of rolling must be accounted for 
when two-dimensional finite element analyses of crankshaft sections are used to 
investigate the residual stresses due to fillet rolling of the crankshafts under prescribed 
loading conditions. 
In chapter 3, the differences of the residual stresses due to rolling in a finite 
elastic-plastic plate by rigid and elastic deformable rollers at very high rolling loads are 
investigated by two-dimensional plane strain finite element analyses using ABAQUS.  In 
the finite element analyses, the rollers are modeled both as rigid and linear elastic, and 
have frictionless contact with the elastic-plastic finite plate.  The plate material is 
modeled as an elastic-plastic power-law strain hardening material with a non-linear 
kinematic hardening rule for loading and unloading.  Two new numerical schemes are 
developed to represent the elastic roller to model the indentation and rolling.  The results 
of the contact pressure and subsurface stress distributions from the two numerical 
schemes are almost identical.  For both roller models, the computational results show that 
the contact pressure and subsurface stress distributions in the elastic-plastic plate are 
similar for both indentation and rolling at high rolling loads with extensive plastic 
deformation.  The computational results also indicate that the residual stresses after 
rolling are nearly the same for both roller models.  The computational results suggest that 
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the rigid roller model can be used to obtain the residual stresses in rolling simulations at 
very high rolling loads without sacrificing the accuracy.  
In chapter 4, residual stress distributions in a rectangular bar due to rolling or 
burnishing at very high rolling or burnishing loads are investigated by three-dimensional 
finite element analyses using ABAQUS.  First, a roll burnishing experiment conducted at 
Caterpillar with residual stress measurements are briefly reviewed.  In the corresponding 
finite element analyses, the roller is modeled as rigid and the roller rolls on the flat 
surface of the bar with a low coefficient of friction.  The bar material is modeled as an 
elastic-plastic strain hardening material with a non-linear kinematic hardening rule for 
loading and unloading.  For rolling loads with extensive plastic deformation, the 
computational results showed that a higher rolling load does not necessarily always 
produce higher compressive residual stresses in the desired regions of the bar. The 
computational results also showed that the longitudinal residual stresses are sensitive to 
the initial yield stress and the detailed strain hardening assumed at large strains.  
In chapter 5, computational models are developed for simulations of 
representative volume element (RVE) specimens of lithium-ion battery cells under 
constrained compression tests. First, the load-displacement data and deformation patterns 
for cell RVE specimens under in-plane constrained compression tests are briefly 
reviewed.  For the corresponding finite element analyses based on ABAQUS, the 
effective compressive moduli for cell components are obtained from constrained 
compressive tests, the Poisson’s ratios for cell components are based on the rule of 
mixture, and the stress-plastic strain curve of the cell components are obtained from the 
tensile tests and the rule of mixture. The Gurson's material model is adopted to account 
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for the effect of porosity in separators and in the active layers of anodes and cathodes. 
The results of the computations show that the computational models can be used to 
examine the micro buckling of the component sheets, the macro buckling of the cell RVE 
specimens, and the formation of the kinks and shear bands observed in experiments, and 
to simulate the load-displacement curves of the cell RVE specimens. Based on the 
computational models, the effects of the friction coefficient between the cell components 
and the constrained surfaces on the deformation pattern, plastic deformation, void 
compaction, and the load-displacement curve are identified. Finally, the usefulness of the 
computational model is demonstrated by further exploring the effects of the initial 
clearance and biaxial compression on the deformation patterns of cell RVE specimens.  
In chapter 6, macro homogenized material models are adopted to model a small-
scale lithium-ion battery module specimen under an in-plane constrained punch 
indentation test. The macro material models are based on the compressive stress-strain 
curves obtained from the representative volume element (RVE) module specimens under 
in-plane constrained compression tests. The ABAQUS implicit solver is used for the 
punch test simulations. The hyperfoam and the crushable foam material models in 
ABAQUS are adopted to fit the nominal stress-strain curves of the module RVE 
specimens under in-plane compression. The load-displacement responses of the 
simulation results based on the hyperfoam and crushable foam material models compare 
fairly well with the experimental results of the punch test in general. However, the initial 
yielding and the corresponding plateau of the load-displacement curves of the punch test 
due to micro buckling could not be modeled distinctively by the macro homogenized 
models. The computational results show that the material models available in commercial 
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finite element software can be used to reasonably model lithium-ion battery modules 
under non-uniform compression loading conditions. 
